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1 Introduction and statements of results 

The aim of this paper is to study the modified diagonal cycle in the triple 
product of a curve over a global field defined by Gross and Schoen in [20] . 
Our main result is an identity between the height of this cycle and the self- 
intersection of the relative dualising sheaf. We have some applications to the 
following problems in number theory and algebraic geometry: 

• Gillet-Soule and Bogomolov 's conjectures for heights of cycles and points. 
We will show that the Gillet-Soule's arithmetic standard conjecture [18] 
gives a lower bound for the admissible self-dualising sheaf for arithmetic 
surfaces in term of local integrations. This gives an approach toward 
an effective version of Bogomolov conjecture [281 ES]. By applying 
Noether's formula, this will also give an alternative approach toward 
a slope inequality for Hodge bundles (or Faltings heights) on moduli 
space of curves, other than using stability in geometric invariant theory 

[II1I2S]. 

• Beilinson-Bloch's conjectures for special values of L-series and cycles. 
By Beilinson-Block and Tate's conjectures [21 [SI Ej, the non-triviality 
of Gross-Schoen cycles will imply the vanishing of the L-series for the 
triple product motive of a curve. We have a Northcott property for 
vanishing of L-series on moduli space of curves. In the case of func- 
tion field, these are unconditional. Moreover, for non-isotrivial curve 
over function field of with good reduction, the Arakelov-Szpiro theorem 
implies the vanishing of the L-series of order > 2. 
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• N on- triviality of tautological classes in Jacobians. We will show that 
the heights of the canonical Gross-Schoen cycles have the Northcott 
type property on the moduli spaces of curves. We will give an expres- 
sion of this height in terms of the cycles Xi and jF(Xi) in Beauville's 
Fourier-Mukai transform [21 |3l Hj and Kiinnemann's height pairing |22] . 
This implies in particular the Northcott property holds for Ceresa ^ 
cycles X— [—1]*X. For a non-isogeny curve over function field with good 
reduction, these cycles are non-trivial by using a theorem of Arakelov- 
Szpiro's theorem [26] . 

In the following, we will describe in details the main results and applications, 
and a plan of proof. 

1.1 Gross-Schoen cycles 

Let us first review Gross and Shoen's construction of the modified diagonal 
cycles in |20] and definitions of heights of Bloch [7], Beilinson [5l |6], and 
Gillet-Soule [18]. Let be a field and let X be a smooth, projective, and 
geometrically connected curve over k. Let Y = X^ be the triple product 
of X over k and let e = J^'^iPi ^ divisor of degree '^i degpj = 1 such 
that some positive multiple ne is defined over k. Define the diagonal and the 
partially diagonal cycles with respect to base e as follows: 



Ai23 = {{x,x,x) : X e X} 
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Then define the Gross-Schoen cycle associated to e to be 

Ae = Ai23 - Ai2 - A23 - A31 + Ai + A2 + A3 e Ch\X%. 

Gross and Schoen has shown that Ag is homologous to in general, and that 
Ae it is rationally equivalent to if X is rational, or elliptic, or hyperelliptic 
when e is a Weierstrass point. A natural question is: When is Ag non-zero 
in Ch^(X^)Q in non-hyperelliptic case? 

Over a global field k, a natural invariant of Ag to measure the non- 
triviality of a homologically trivial cycle is the height of Ag which was con- 
ditionally constructed by Beilinson-Bloch El Ej and unconditionally by 
Gross-Schoen [20] for Ag. More precisely, assume that k is the fractional 
field of a discrete valuation ring R and that X has a regular, semi-stable 
model X over S := Speci?. Then Gross-Schoen construct a regular model y 
over 5* of y = and show that the modified diagonal cycle Ag on Y can 
be extended to a codimension 2 cycle on 3^ which is numerically equivalent 
to in the special fiber 

If is a function field of a smooth and projective curve B over a field, then 
Gross and Schoen's construction gives a cycle Ag with rational coefficients 
on a model y of Y = X^ over B. We can define the height of Ag as 

(Ag,Ag) = Ag- Ag. 

The right hand here is the intersection of cycles on 3^. This pairing does not 
depend on the choice of y and the extension Ag of Ag. 

If is a number field, then we use the same formula to define the height 
for the arithmetical cycle 

A = {A,,g) 

Gillet-Soule's arithmetic intersection theory [17] where 

• Ag is the Gross-Schoen extension of Ag over a model y over SpecO^', 

• g is a. Green's current on the complex manifold Y{C) of the complex 
variety F®qC for the cycle Ag: g is a current on F(C) of degree (1, 1) 
with singularity supported on Ag(C) such that the curvature equation 
holds: 

dd 
m 

Here the right hand side denotes the Dirac distribution on the cycle 
Ag(C) when integrate with forms of degree (2,2) on Y{C). 
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Notice that this height can be also defined using Kiinnemann's results in 
[22j. As the non-triviality of Ag follows from the nonvanishing of its height, 
a natural question is: When is (Ag, Ag) non-zerol 



1.2 Admissible dualising sheaves 

Our main result of this paper is an expression of the height (Ag, Ag) in terms 
of the self-intersection uj^ of the relative dualising sheaf defined in our early 
paper ^31j which we recall as follows. Let X be a curve over a field k of 
positive genus. We assume that k is either the fraction field of a smooth and 
projective curve 5 or a number field where we still set B = SpecOk, and 
that X has a semistable model X over B. 

When 5 is a projective curve, then one has a usual intersection pairing 
of divisors on X and a usual relative dualising sheaf ujx/b which gives an 
adjunction formula for self-intersections of sections. 

In number field case, Arakelov theory gives intersections on the arithmetic 
divisors of form D = {D,G) formed by a divisor D on X and an admissible 
green's function G on X(C) in the sense that its curvature satisfies , 



where dfi is the Arakelov measure on X(C): on each connected component 
Xt,(C) corresponding to archimedean place v, 



where g is the genus of X and Un are base of r(X„,f2x„) normalized such 
that 



Arakelov shows that there is a unique metric such that an adjunction formula 
is true for a dualising sheaf with admissible metric. By Faltings [I6], we have 
a Hodge index theorem. 

In [31], we construct an intersection theory (for function field case or 
number field case) on divisors of the form {D, G) formed by a divisor D of X 
and G an adelic green's function with adelic curvature d^a- More precisely, G 
has a component G^ as a continuous function on the reduction graph R{X^) 



rG = degD ■ dfi 
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n=l 
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of X ®ky [in] for each closed point v of B, and as a usual green's function on 
Xy{C) for each archimedean place v in number field case. We show that in 
this intersection theory, we still have an adjunction formula and Hodge index 
theorem. We called such intersection pairing an adelic admissible pairing. 
We have proved in [31] the following inequalities: 

Moreover the difference of the first two item is given by local integrations: 
(1.2.1) ul^s = ul + $^e(X,) logN(t;), 

where v runs throught the set of non-archimedean places, and 

e(X^) := / Gy{x,x){6Kx^ + (2^ - 2)rf/i^) 

where Gt,(x, y) is the admissible Green's function on R{Xy) for the admissible 
measure d^^ on i?(X^), and Kx^ is the canonical divisor on i?(X^). The first 
inequality is strict unless X has genus 1 or X has good reductions at all 
non-archimedean place. 



1.3 Main result and first consequences 

The main result of this paper proved in §3.5 is an identity between the two 
canonical invariants: 

Theorem 1.3.1. Let X he a curve of genus g > 1 over a field k which is 
either a number field or the fraction field of a curve B. Then 



(Ae,Ae) 



2^ + 1 , 
25-2' 



-ujl + Q{g-l) {xe, Xe) - J2 ^(^-) log ^(t;) . 



Here {xe, x^) is the Neron-Tate height of the class e—Kx/{2g—2) in Pic'^(X)(( 
and (fy are some contribution from places v of K: 

1. If V is an archimedean place, then 



V9(X^) = Y" / 4'i^m{.x)uJn{x) 



where 0^ are normalized real eigenforms of the Arakelov Laplacian: 

dd f 
m J 

and LUi are basis of T{Xy,flxv) normalized by 



2. If V is a nonarchimedean place, then 

where 5(Xu) is the number of singular points on the special fiber of X^, 
Gv{x,y) is the admission Green function for the admissible metric dn^, 
and the Kx^ is the canonical divisor on R{Xy). In particular, ip^ = 
if X has good reduction at v. 

Replace k by an extension, we may fix a class ^ G Pic(X)(A;) such that 
{2g — 2)^ = Kx- By the positivity of the Neron-Tate height pairing, (Ag, Ag) 
reaches its minimal value precisely when where 

e = ^ + torsion divisor. 

We call the cycle A^ the canonical Gross-Schoen cycle for X. 

Corollary 1.3.2. 

2 2^-2 



-^|^(A^,A^) + J]^(X,)logN(^)j. 



" 2^ + 

Corollary 1.3.3. Assume that X is a hyperelliptic curve, then 

2 2(?-2 



00. 



" 2g + 



- J]¥.(X,)logN(T;). 



Combining with (1.2.1), this also gives an identity for the self-intersection 
of the usual relative sheaf of hyperelliptic curve in term of bad reductions. 
Some explicit examples of such formulae have been given by Bost, Mestre, 
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and Moret-Bailly in [S] . It is an interesting question to compare our formula 
with theirs. 

It is a hard problem to check when the height (A^, A^) = even in the 
function field case. We have the following consequence of Theorem 1.3.1 in 
smooth case: 

Corollary 1.3.4. Assume that k is the function field and that X can he 
extended to a non-isotrivial family X — > B of smooth and projective curves 
of genus g > 1 over a projective and smooth curve B. Then 

2(7 + 1 , 

Proof. The first equality follows from Theorem 1.3.1 and the discussion in 
§1.2. The second inequality is due to the ampleness of ujx/b by proved 
by Arakelov in case of characteristic and by Szpiro in case of positive 
characteristic. □ 

We will show that (A^, A^) is essentially a height function in §4.2: 

Theorem 1.3.5. Let Y — > T he a flat family of smooth and projective 
curves of genus g > 3 over a projective variety T over a numher field k, or 
the function field of a curve over a finite field. Then the function 

teTCk)^{2g-2){A^{Yt),A^{Yt)) 

is a height function associate to Deligne's pairing 

{2g+ 1){ujy/t,^y/t)- 

Moreover if the induced map T — > Aig from T to the coarse moduli space 
of curves of genus g is finite, then we have a Northcott property: for any 
positive numhers D and H , 

# {t G T{k) ■ degt < {A{Yt\, /\{Yt)i) <H}<oo. 
Remarks 

We would like to give some remarks about the upper bound for (A^, A^). 
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When k is a function field of curve B of genus > 2 a field of characteristic 
0, the semi-stable model A" is a surface of general type and one has the 
Bogomolov-Miyaoka-Yau inequality: 

ci{Xf < 3c2{X). 

Equivalently, in term of relative data, 

ool/B < {2g -2){2q-2) + 3j2 ^iXb). 

beB 

See Moret-Bailly [23] for details. By Corollary 1.3.1, we have a bound for 
the height of Gross-Schoen cycle: 

(A^, A^) < {2g + l){2q - 2) + (^^^^^^^'^ + " ^(^'')) " 

b£B ^ ^ ^ 

When is a function field of positive characteristic, then the Bogomolov- 
Miyaoka-Yau inequality is not true. Instead, one has a Szpiro (Theorem 3, 
^26j ) inequality in which one needs to add some inseparableness of /. So we 
have a similar inequality for the height of Gross-Schoen cycle. 

When is a number field, then Parshin [25] and Moret-Bailly [23] have 
formulated an arithmetic Bogomolov-Miyaoka-Yau inequality. It has been 
proved that this conjecture is equivalent to the effective Mordell conjecture, 
Szpiro's discriminant conjecture, and the ABC conjecture. Conversely, Elkies 
[H] has proved that ASC-conjecture will imply the effective conjecture. By 
our main theorem, these are equivalent to an upper bound conjecture with 
uj"^ replaced by the height of Gross-Schoen cycle. 

1.4 Gillet— Soule and Bogomolov conjectures 

By the construction, the cycle Ag has zero intersection in Ch^(X^) with 
p*Pic(X) via the projections pi : — > X. Thus, it is primitive with 
respect an ample line bundle C on X^ of the form YlPi^ ample line 

bundle on X. In case where A; is a function field of characteristic 0, by Hodge 
index theorem, this height is non-negative, and is vanishing precisely when 
Ae is numerically equivalent to 0. 

In function field case of positive characteristic, the Hodge index theorem 
is part of the Standard Conjecture of Grothendieck and Gillet-Soule [TS] : 
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Conjecture 1.4.1 (Grothendieck, Gillet-Soule). Let k be a number field or 
a function field with positive characteristic, then 

and this height vanishes precisely when is rationally equivalent to 0. 

Granting this conjecture which is true in case of the function field of 
characteristic and hyperelhptic case, we then have a lower bound for u"^: 

It is proved in [31] that a;^ > is equivalent to the Bogomolov conjecture 
about the finiteness of points x & X{k) with small Neron-Tate height in the 
map 

X — >Jac(X), X ^ [{2g -2)x - Kx] e Jac{X). 

In number field case, the Bogomolov conjecture is proved by UUmo [28l [33] . 
The conjecture of Gillet-Soule thus implies an effective version of Bogomolov 
conjecture as can be computed effectively for any given graph. In view of 
the Bogomolov conjecture, we would to make the following: 

Conjecture 1.4.2. Let v be a finite place. Let 6q{X^) , ■ ■ ■ ,6[g/2]{Xt;) denote 
the numbers of singular points x in the special fiber Xk(^y) such the local nor- 
malization of at X is connected when i = or a disjoint union of two 
curves of genus i and g — i. Then 

^(X,) > c{g)5o{X.,) + V '^'^^ ~ 'h ,{X,) 

Q 

where c{g) is positive continuous function of g > 1. 

From Theorem 1.3.1, it is clear that the conjecture is true for Archimedean 
places and finite places with good reductions. In §4.3, we will show that it 
suffices to show the conjecture when all (5j = for i > 0. More precisely, we 
will give an explicit formula in §4.4 for (fy for elementary graphs and prove 
the following: 
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Theorem 1.4.3. Assume that the reduction graph R{X^) is elementary in 
the sense that every edge is included in at most one cycle. Then the conjecture 
is true with 

The equality is true if and only if every circle has at most one vertex. 

Recently, Xander Faber [15] has verified the conjecture for lower genus 
curves. For example, he shows for genus 2 and 3, we may take c(2) = 1/27 
and that c(3) = 2/81. Thus he has a proof of the Bogomolov for all curves 
of genus 3. 

The Bogomolov conjecture should hold for non-isotrivial curve over func- 
tion field. Some partial results have been obtained by Moriwaki ^2^, Yamaki 
|30j . and Gubler [21]. The work of Moriwaki and Yamaki are effective and 
follows from a slope inequality of Moriwaki for general semistable fiberation 
Ti: X — ^ B: 

:= degvr,..;,/^ > ^^'^o(X) + ^^^5,(X), 

where 5i{X) = J2v ^ii-^v) logN(t>) is the intersection of B with i-the bound- 
ary component of the moduli space. This formula is a generalization of a work 
of Xiao [29] and Cornalba-Harris [llj, and is proved based on the stability 
of the sheaf tt^:UJx/b and by Noether's formula 



;i-4.1) X{X/B) = ^{ujl/^ + J2SiX.)) 
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V 

where 6{Xv) = be the total number of singular points in the fiber 

over V. Thus, we have an equality 

(1.4.2) X{X/B) = ^^(A^ \) + E ^(^'') l°gN(t;) 
where 

(1.4.3) A(X.) = ^^^fv + ^(6(X.) + 5{X^)). 
Thus the Hodge index theorem gives 
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Theorem 1.4.4. If k is a function field of characteristic 0, then 

X{X/B)>Y,KX,). 

We believe that this is the sharpest slope inequality for fibred surfaces 
with given configuration of singular fibers. In particular, the Moriwaki's 
inequality should follows from the following 

Conjecture 1.4.5. If v is a non-archimedean place, then 

8(7 + 4 2q -\- 1 

In §4.3, we will reduce this conjecture to the case where Si = and prove 
the conjecture for elementary graphs. Also Xander Faber [15] has verified 
the conjecture for curves with small genera. 

In number field case, Faltings [LGl defines a volume form on A for each 
archimedean place v. The number \{X/B) is called the Faltings height of 
X. He also proves a Noether formula (1.4.1) with his 6^. Thus we still have 
expression (1.4.2) with A^, given in (1.4.3 ) when v is non-archimedean, and 

when V is archimedean, where ip^ is given in Theorem 1.3.1. Now Theorem 
1.4.4 is a conjecture predicted by Gillet-Soule's Conjecture 1.4.1: 

Conjecture 1.4.6. If k is a number field, then 

X{X/B)>J2HX,)\ogN{v). 

1.5 Beilinson— Bloch conjecture and tautological classes 

Assume that A; is a number field or a function field of a curve defined over 
a finite field. For a smooth and projective variety Y defined over k, and 
an integer between and dimF, we should have a motive if^"~^(y)(n) and 
a complete L-series L(i^^""^(y)(n), s) with a conjectured holomorphic con- 
tinuation and a function equation. We also have a Chow group Ch"(y)° of 
codimension n-cycles on Y with trivial classes in H'^^{Y){n). The conjecture 
of Beilinson [51 E] and Bloch [7] asserts that Ch"(y)° is of finite rank and 

(1.5.1) rankCh"(F)° = ord,=o^(^^"~^(>")(^), s). 
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If y is a curve, then the above is the usual Birch and Swinnerton-Dyer con- 
jecture for Jac(X). If /c is a function field, then the holomorphic continuation 
of the L-series and the functional equation are known. The Beilinson-Bloch 
conjecture in function field case is equivalent to Tate's conjecture. 

Now we assume that Y = is a power of a curve over k, n = 2. Then 
both sides of (1.5.1) has decomposition by correspondences defined by action 
of symmetric group acting on X^, projections and emdeddings between 
X* and XK In §5.1, we will show that lies in the subgroup Ch(M) of 
Ch^(X^)'' of elements z satisfying the following conditions: 

1. z is symmetric with respect to permutations on X^; 

2. the pushforward Pi2*z = with respect to the projection 

Pi2 : X^ — {x,y,z) {x,y). 

3. let i : X^ — > X^ be the embedding defined by {x,y) — > {x,x,y) and 
P2 : X^ — > X be the second projection. Then 

P2j*z = 0. 

The operations induces some correspondences on X^. The corresponding 
Chow motive M can be defined to be the kernel of 

3 

/\ H\X) (2) — > H\X){1), a Ab A c ^ a{bU c) + b{cU a) + c{aU b). 
The motive M is pure of weight —1 with an alternative pairing 

M® M — > Q(l). 

It is conjectured that the complete L-series of M has a holomorphic contin- 
uation to whole complex plane and satisfies a functional equation 

L{M, s) = ±c{M)-'L{M, -s) 

where e(M) = ±1 is the root number of M, and c(M) G N is the conductor 
of M which is divisible only by places ramified in M. See Deligne [13] and 
Tate [27| for details. In our situation, the Beilinson and Bloch conjecture has 
a refinement: 
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Conjecture 1.5.1 (Beilinson-Bloch). 

rankCh(M) = ords=oL{M, s). 

If /c is a number field, we don't know in general that L{M, s) has a ho- 
momorphic continuation. But we attempt to guess that for most curve X 
over a field k, the L-series should has vanishing order < 2. In other words, 
for general X, 

e{M) = 1 =^ L(M, 0) ^ 0, 
e(M) = -1 ^ L'(M,0) ^ 0. 
The following are some formulae for computing epsilon factors proved in §5.2: 

Theorem 1.5.2. The epsilon factor has a decomposition 

e{M) = l[e,{M) 

V 

into a product of local epsilon factor give as follows. 
1. If V is a real place, 



2. If V is a complex place 



1, if g = 0,1 mod 4 
-1, z/c/ = 2,3 mod 4 



e.(M) = (-l)^(^+W2)/6^ fl ^fa^l mod 4 

1—1 if g = 1 mod 4 

3. If V is a non-archimedean place, then 

^^(^M) = (-l)'=('=-l)(e-2)/6+9e . ^(e-l)(e-2)/2+s 

where e is the dimension of toric part T„ of the reduction of Neron 
model of J eic{X) at v, and r = ±1 is the determinant of the Frobenius 
Prob^ acting on the character group X*{Ty). 
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If /c is a function field, we have an inequality 
(1.5.2) rankCh°(M) < ord,=o^(M, s). 

If X is non-isotrivial and has good reduction everywhere over places of k, 
then by Theorem 1.3.4, is non-zero. On the other hand, we can show that 
the sign of the functional equation is 1. Thus we must have 

Theorem 1.5.3. If X/k is a curve of over function field of a curve B over 
a finite field of genus g > 3. Assume that X can be extended into a non- 
isotrivial smooth family of curves over B. Then 

ords=oL(M, s) > 2. 

In view of Tate's conjecture, we have 

rankCh(M) = ord,=o^(M, s) > 2. 

Thus we have a natural question: how to find another cycle in Ch^(M)° 
which is linear independent of ? 

In general it is very difficult to compute the special values or derivatives 
of L{M, s) at s = 0. However the following is a consequence of Theorem 
1.3.5 and Beilinson-Bloch's conjecture, we conclude the following: 

Conjecture 1.5.4. Let Y — > T be a flat family of smooth and projective 
curves of genus g > 3 over a projective variety T over a number field k. 
Assume the induced map T — > A4g from T to the coarse moduli space of 
curves of genus g is finite, then we have a Northcott property: for any positive 
numbers D, 

i^[teT{k): degt<D, L{M (Yt), 0) ^ O} < oo. 

Over function field, this is a theorem induced from Theorem 1.3.5 and 
formula (1.5.2). 

In the following, we want to apply our result to the tautological alge- 
braic cycles in the Jacobian defined by Ceresa [S] and Beauville j^. We 
will use Fourier-Mukai transform of Beauville ( [21 [3] ) and height pairing of 
Kiinnemann (|22]). 

Let X — y J be an embedding given by taking x to the class of x — ^. 
Then we define the tautological classes TZ to the smallest subspace of Ch*(J) 
containing X closed under the following operations: 
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• intersection pairing "■" ; 

• Pontriajan's star operator 

X * y := m*(p*x ■ p^y) 
where pi,p2,m are projection and addition on J^; 

• Fourier-Mukai transform 

^:Ch*(J)Q^Ch*(J)Q 

X t-> T{x) := P2*iplx ■ e^) 
where A is the Poincare class: 

x = pie + P2e-m*e. 

Using Fourier-Mukai transform, we have spectrum decomposition 

s=0 

with = k'^^''^Xs. By Beauville the ring TZ under the intersection 

pairing is generated by J-'{Xs) G Ch.^~^'^{J). The pull-back of these cycles 
on X^ under the morphism : X^ — > J can be computed explicitly. In 
particular, we can prove the following formulae proposed by Wei Zhang [31] : 

Theorem 1.5.5. Consider the addition morphism : X^ — > J. Then 
f;:F{X{) = A, = 5^(3^+^ - 3 ■ 2'+' + 3)X„ 

s 

X, = (3^+^ - 3 ■ 2^+^ + 3)-^ {Xi*Xj*Xk)-J^{Xi), s>0. 

i+j+k=s~l 

Moreover, the following are equivalent: 

1. = m Ch.'^{X%; 

2. X- [-l]*X = Q m Ch.3-\J)Q; 

3. Xi = m Chf-^(J)Q; 
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I X,^0 in Ch^-^(J)Q for all s > 0. 



By this theorem, under the operators • and *, the ring R is generated by 
Xq and any one of three canonical classes Xi, Gross-Schoen cycle /3*A^, and 
Ceresa cycle X — [—1]*X. The following give a more precise relation between 
the height of and the height of class Xi and {F{Xi): 

Theorem 1.5.6. The cycle J-^iXi) is primitive with respect to theta divisor 
9, homologically trivial in Ch^(J)Q, and 

Plan of proof 

The proof of Theorem 1.3.1 is proceeded in several steps in §2-3: 

1. Reduction from X^ to X"^: we express the height as a triple product 
on X X X of an adelic line bundles with generic fiber (Theorem 2.3.5): 

A-pt^-p;e- 

2. Reduction form X"^ to X: we express the triple as the self-intersection of 
the canonical sheaf plus some local triple integrations (Theorem 2.3.5). 

3. Local triple pairing: wc develop an intersection theory on the reduction 
complex of the product X x X at a non-archimedean place (Theorem 
3.4.2) and use this to complete the proof of Theorem 1.3.1. 

The proof of other results about the estimate of the height follows form 
detailed calculation of constants 4> and A in §4. We first express these con- 
stants in terms of integration of resistance on metrized graph and reduce the 
computation to 2-edge connected graphs, and finitely compute everything for 
1-edge graphs. 

The last section is devoted to study the Beilinson-Bloch conjecture and 
the Beauville tautological cycles. We first define a minimal Chow motive M 
so that its Chow group contains A^. Then we compute the e-constant of its 
L-scrics. Finally, we translate the statements to tautological cycles in the 
Jacobian varieties. 
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2 Gross-Schoen cycles and correspondences 

The aim of this section is to prove some global formulae for the heights of 
Gross-Schoen cycles in terms of the self-intersections of the relative dualising 
sheaves and some local intersections: 

^ — up' + local contributions, (Theorem 2.5.1). 

These local contributions will be computed in the next section. More gen- 
erally, for any correspondences ti,t2,t-^ on X x X, we compute the height 
pairing 

(Ae, (tl®t2®t3)Ae). 

This pairing is positive if U are correspondence of positive type by Gillet- 
Soule's Conjectures 2.4.1 and 2.4.2. We will show that this is equal to the 
intersection number ti ■ ^2 ■ ^3 on X x X (Theorem 2.3.5). 

2.1 Cycles and Heights 

In this subsection, we will review intersection theory of Gillet-Soule and some 
adelic extensions. The basic reference are Gillet-Soule [T71 [IB] , and Deligne 
[12\ . and our previous paper [52] • 

Arithmetical intersection theory 

Let A; be a number field with the ring of integers Ok- By an arithmetical 
variety over Ok, we mean a flat and projective morphism X — > SpecOk 
such that Xk is regular. We have a homological arithmetical Chow group 
Ch^{X), formed by cycles {Z,g) where Z is a cycle on X and g is a current 
such that ^g + 5z is smooth on X(C), modulo the relations: 
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• (div(/), — log I/I) = for a rational function / on an integral sub- 
scheme y of X; 

• (0, da + df3) = 0. 

We also have a cohomological arithmetical Chow group Ch (X) formed by 
Chern classes of Hermitian vector bundles. Then the tensor product among 
vector bundles gives Ch {X) a ring structure. The intersection pairing be- 
tween Ch {X) and Ch.^{X) gives Ch.^{X) a module structure over Ch {X). 
When X is regular, these two groups are isomorphic. 

By a (relative) arithmetical correspondence, we mean a pair (C, 7) on 
X formed by a (homological) cycle C of dimension equal to dimX 

and a current 7 such that he '■= ^7 + 5c is regular in the sense that for any 
smooth form a on X(C), the currents 

are both smooth. Let C{X) denote the group of arithmetical correspondences 
modulo the same relations as above on X ® X . An arithmetical correspon- 
dence c := (C, 7) defines maps and c* as usual from the group Ch {X) to 
C}i^{X). If X is smooth over Ok-, then X^ is smooth and we can define com- 
position on correspondences to make C{X) a ring. In this case, the morphism 
c — > c* is a ring homomorphism form C{X) to End(Ch {X)). 

Cycles homologous to zero 

Let X be a smooth and projective variety of dimension n over a number 
field or a function field k. Let Ch(X) denote the group of Chow cycles with 
coefficient in Q. Then we have a class map to £-adic cohomology: 

Ch(X) — > H\X) 

where H*{X) = H*{X®k, Q^) with C. a prime different than the characteristic 
of k. The kernel Ch(X)° of this map is called the group of homologically 
trivial cycles. Beilinson ([HE]) and Bloch ([7|) have given a conditional 
definition of height pairing between cycles in Ch(X)°. We will focus on the 
case of number fields but all the results hold for case where k is the function 
field of a smooth and projective curve B over some field fco, and where we have 
the same height pairing with SpecO^ replaced by B and with the condition 
about green's function dropped. 
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Height pairing 

One construction of this height pairing in number field case is based on Gillet 
and Soule's intersection theory as follows. Assume that X has a regular 

model X over SpecOk, and that every cycle z G Ch(X)° has an extension 
? = {z, Qz) to an arithmetic cycle which has trivial intersection to vertical 
arithmetic cycles of dimension 2: 

1. z is a cycle on X extending z] 

2. Qz has curvature hz — 0; 

3. the restriction of z on each component in the special fibers of X is 
numerically trivial. 

Then for any z' G Ch(X)° extended to an arithmetic cycle z' on X, the 
height pairing is defined by 

(z, z') :—z-z!. 

It is clear that this definition does not depend on the choice of 2^, and that 
the pairing is linear and symmetric. 

Let C{X) = Ch.^{X X X) denote the ring of (degree 0) correspondences 
on X. Then C{X) acts on Ch(X) and preserve Ch(X)°. Recall that the 
composition law is given by the intersection pairing on X x X x X and 
various projections to X x X: 

t2 0ti =Pl3*(pl2^1 -^23^2), ti,t2 e C{X). 

For any t G C{X), z G Ch(X), the push-forward and pull-back of z under t 
are defined by 

t* {z) = P2* {pIz -t), t* {z) = Pi* {t ■ pIz) . 

Let t — > be the involution defined by the permutation on X"^ then we 
have t* = (t^)*. It can be shown that the involution operator is the adjoint 
operator for the height pairing: 

Lemma 2.1.1. 

{Uz,z')^{zXz')^{z,tlz'). 
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Proof. For each t G C{X), let t = (t,gt) be an arithmetic model of t over 
X'^. Then we can define a correspondence on arithmetical cycles by the same 
formula: 

zi^t*{z) := pu{t ■ p^z). 

We claim that is numerically trivial fiber wise. The curvature is given 
by Puiht -^2^2) = 0. To check the numerical triviality over non-archimedean 
places, we let x be a cycle in the fiber over a finite place v of k. Then 

t* {'z) ■ X = pI'z ■ t ■ pIx = z: ■ P2* {t ■ P*x) = 

as P2*{t ■ pIx) is still a vertical cycle over v. Thus we have 

{t*Z, z!) =t*{z)-z' = plz-t- Pi? = Z-P2,(t- plz'). 

It is clear that P2*(t ■ p^z') is an extension of 

P2*(t-plz') = U.z'. 

Thus we have shown the adjoint property of t. □ 
Adelic metrized line bundles 

In the following, we want to review some facts about the adelic metrized 
bundles developed in [32]. For a smooth variety X defined over a number 
field fc, let us consider the category of arithmetic models X with generic fiber 
X, i.e. an arithmetic variety X — > SpecOjt and an isomorphism X^ — X. 
As this category is partially ordered by morphisms, we can define the direct 
limit 

limPic(A:') ® Q. 

Every element in this group defines an algebraically metrized line bundle on 
X. The group Pic(A) of integral metrized line bundles are certain limits of 
these algebraically metrized line bundles. The intersection pairing 

Ci{Ci) ■ ■ ■ Ci{Cn) ■a-[X]eR, Cie Pic(A'), a G Ch'^'"'^'"(A') 

can be extend to a pairing with £j G Pic (A). The following lemma shows 
that the pairing can be represented by a (homological) element on X . 
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Lemma 2.1.2. Let X he an arithmetical scheme and let L 
adelic metrized line bundles on X^. Then the functional 



■ ■ ■ ,jCn be some 



R: q; I— > q; • Ci(£i) • • • Ci(£n) 



is represented by an element in ChdimX-n{X) <8) M denoted by 



C^iCl) ■ ■■Ci{Cn) ■ [X] e ChdimX-n(A') ® R. 



Moreover, this element has the following restriction on the generic fiber: 



Proof. It suffices to deal with the case where bundles are ample and are hmits 
of some integral-ample models {Xi, Ma, • • • , A^m) of {X^, • • • With- 
out loss of generality, we may assume that Xi dominates A", that • • ■ C^k 
have arithmetic modes TWqi? ' ' ' i -^om and that the metrics on the archimedean 
places induce the same metrics on each CikiC). Let tTj denote the projection 



For any cohomological arithmetical cycles a on A", we can define inter- 
section pairings: 



Cl{Ci) ■ ■ • Cx{Cn)[Xk]. 



Xi 



X. 



■i 




■ a 



which has a limit denoted by 



ci(>Ci) 



•ci(£„) • a. 



We claim that the cycles 




— * 

have a hmit in Ch {X) ® R. Indeed, subtract them by 



Ci{Mqi) ■ ■ ■ Ci{MQn)[X], 



we obtain vertical cycles 
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supported in finitely many fibers of X over Ok- Let be the union of tliese 
fibers as a closed subscheme of X, let i : — > X denote the embedding. 
Then Vi can be written as = i^Wi with Wi a cycle on T . In this way, 

— * 

In other words, the intersection pairing of Vi with Ch {X) can be written 
as intersection of with i*Ch (X). So we may work on the intersections 

between the quotients A^*(^) and N*[!F) of homological and cohomological 
cycles of JT modulo numerical equivalence. Let M be the image of i*Ch {X) 
in N* {J-") . The elements Wi thus defines a sequence of convergent functionals 
on M. As iV*(jF) is finite dimensional, this sequence will convergent to 
a functional represented by an element W of Ch*(^) R. Thus we have 
shown that 

limTTi^ (^^Ci{Mii) ■ --CiiMin) ■ [Xi]^ = Ci{Moi) ■ --ciiMon) ■ [X] + V. 

In this way we define a correspondence 

Ci{jCi) ■ ■■Ci{Cn) ■ [X] = limTTi* (\ci{Mil) ■ --CiiMin) ' [Xn] 

□ 

Deligne pairing 

In the following, we want to construct Deligne pairing of metrized line bun- 
dles. Let / : X — > y be a flat and projective morphism of two smooth 
varieties over valuation field k of relative dimension n. Let Cq = {Cq, \\ ■ ||o), 
Ci = II ■ II), = {Cn, II • ||„) be n + 1 integral metrized line bundles 

over X. We want to define a Dehgne paring 

as an adelic metrized line bundle over Y. Recall that Ci can be approximated 
by models over O^- 

{Xi,MiO,--- ,Min) 

of {X,Cq\--- , C'^) for some Cj e N. Without loss of generality, we may 
assume that Xi is flat and projective over a model J^, over O^- Then we have 
a Deligne's pairing: 

{Mio,--- ,Min) ePic{yi). 
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This sequence of bundles on models Aii defines an adelic metrized line bundle 
on Y. 

In the following, we would like to describe a formula for computing norm 
of a section of Deligne's pairing. Let io, ii, - ■ ■ ,in be non-zero sections of Ci 
on X. By writing Ci as linear combination of very ample line bundles and 
applying Bertini's theorem, we may assume that any intersection of any sub- 
set of div(£j)'s is a linear combination of subvaricties which are smooth over 
Y. Then the pairing {£o, ■ ■ ■ , C-n) is well-defined as a section of {Cq, • • • , 
The norm of this section can be defined by the following induction formula: 

l0g||(4,--- ,4)11 =log||(4|div£„,-- - ,4-l|div£„)|| 

(2.1.1) + / log||C||ci (£o) • ••Cl{Cn-l). 

J XjY 

We need to explain the integration in the above formula in terms of models 
(Ai, TWiO) ■ ■ ■ ) -^m) as above. In this case extends to a rational section m 
of M-n- The divisor div(m) has a decomposition of Weil divisor: 

div(m) = ejdiv(£„) 

where div(£„) is the Zariski closure of div(£„) on Xi and is a divisor in the 
special fiber of Xi over SpecCfc. Then the integral is defined as 

/ log||4||ci(£o) • • •Ci(£n_i) = \ra^\Vi-Cx{MiQ---Min-\). 

J XjY 

2.2 Correspondences on a curve 

In this subsection we want to construct arithmetic classes for divisors on a 
product without using regular models. 

Decompositions 

Lemma 2.2.1. Let Xi and X2 be two varieties over a fi.eld k with product 
Y = Xi X}^ X2. Let 61,62 be two rational points on Xi and X^, and let 
Pic~(y) be the subgroup of line bundles which are trivial when restrict on 
{ei} X X2 and Xi x {62}. Then we have a decompositions of line bundles on 
Y: 

(2.2.1) Pic(F) ~ ptPic(Xi) © p;Pic(X2) © Pic-(r). 
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Proof. For any class t e Pic(y), the equation 

t = p[ai + p*2a2 + s ctj e Pic(Xj), s G Pic~(F) 
is equivalent to 

Ol2 — t\{e{\xX2^ 01.1 —t\xx{e2}- 

□ 

Now we assume that Xi are curves over a number field. Consider an 
embedding 

F = Xi X X2 — > A:= Alb(F) = Jac(Xi) x Jac(X2) 

(xi,X2) ^ {xx - ei,X2 - 62). 
This induces a homomorphism of groups of line bundles: 

Pic(^) — > Pic(F). 

We also have a decomposition for fine bundles on A with respect to the base 
points (0, 0) on A: 

(2.2.2) Pic(A) = p*Pic(Jac(Xi)) © p*Pic(Jac(X2)) © Fie' (A). 

Lemma 2.2.2. The morphism Pic{A) — > Pic(y) is surjective. More pre- 
cisely, it induces the following: 

1. An isomorphism Y'\c^{A) ~ Pic°(y); 

2. An isomorphism F\c~{A) ~ Pic~(y). 

Proof. For Pic^-part this is clear as it is determined by the theorem of square 
and by the corresponding isomorphism on Pica's on X and Jac(X). To 
prove other parts in Proposition, we consider the following standard exact 
sequences: 

— > Pic°(y) — > Pic(y) — > NS(y) — > o 

— > Pic°(A) — > Pic(^) — > NS(A) — > 0. 
Modulo Pic° in equations (2.2.1) and (2.2.2), we have 

NS(r) ~ ptNS(Xi) © p;NS(Xi) © Pic-(F), 
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NS(A) ~ p*NS(Jac(Xi)) © p;NS(X2) © Pic-(A). 

It remains to show that NS(Jac(Xj)) — > NS(Xj) is surjective and Pic^(yl) — 
Pic~(y) is isomorphic. We need only prove these statements by working on 
i/^'^'s. Consider the decompositions: 

H\Y) = H\Xi) © H\X2) © H\Xi) © H\X2) 

H\A) = A^H\A) = A^H\Xi) © A^H\X2) © H\Xi) © H\X2). 

The map H^{A) — > H'^iY) is induced by the identification on © if^'s 
parts and by the canonical alternative product on A^if^-part: 

A2ffi(x,) ^ H\Xi). 

Notice that the projections 

H\A) — > A'H\ia.c{Ai)), H\Y) H\X,) 

correspond to the pull-back of the following maps: 

Jac(Xi) — > A, X (x, 0) 

Xi — > Y, X — > (x, 62). 

Thus the decompositions in if ^'s are compatible with decompositions in NS's. 
The surjectivity of NS(Jac(Xi)) — >• NS(Xj) follows from the fact that the 
alternative pairing on H^[Xi) is perfect with values in Z. □ 

Admissible metrics 

Since the class map gives an embedding from Pic" (A) to H'^{A), every line 
bundle in Pic" (A) is even under action by [—1]* and thus have eigenvalues 
under action [n]* . In this way, we may construct admissible, integral, 
and adelic metrics on || ■ || on each line bundle in Pic~(y4). In other words, 
each C in Pic~(74) can be extended into a integrable metrized line bundle 
C = (£, II ■ II) such that 

M*£ 

See our previous paper |32j for details. 

The abelian variety A has an action by by double multiplications: for 

m, G Z, 

[m, n] : A = Jac(Xi) x Jac(X2) — > A 
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{x,y) ^ {mx,ny). 

In this notation the multiphcation on by Z is diagonally embedded into 

Z^. In particular these action are commutative. By the uniqueness of the 
admissible metrics, the admissible metrics is admissible with respect to the 
multiplication by Z^: 

This shows that the bundle C is admissible in each fiber of — > A of two 
projection. Thus we have shown the following: 

Lemma 2.2.3. For any class t G Pic^(A), the restriction on Y with ad- 
missible metric gives an adelic metrized line bundle t satisfies the following 
conditions 

• t has zero intersection with components in the fibers over closed points 
for the two projects Y — > Xi; 

• t is trivial on {ei} x X2 and on Xi x {ei}. 
Moreover, such an adelic structure over t is unique. 

Proof The difference of two different adelic structures on t satisfying the 
above conditions will give an adelic structure to on the trivial bundle to — Oy 
satisfying the condition in the lemma. This is certainly trivial by checking 
on the curves {p} x Xi and Xi x {^2} on closed points Pi on X^. □ 

Our method above also shows that the line bundles in Pic'^{A) (which 
is odd) on any abelian variety A also have integrable, admissible, integrable 
metrics. Indeed, let V be the Poincare universal bundle on A x F[c^(A) 
which trivial restriction on {0} x Pic^{A) and A x {0}. Then V is an even 
line bundle thus admits an integrable metrized bundles. The action by Z^ 
shows that this admissible metric is admissible fiber-wise. The following are 
some expressions for bundles on Pic~{A) and Pic(y): 

Lemma 2.2.4. 1. Any line bundle C G Pic^{A) is induced from a unique 
endomorphism a G End(Jac(X)) by the following way: 

C = {aAYV. 

Moreover C is symmetric if and only if a is symmetric with respect to 
Rosatti involution; 
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2. a bundle C in Pic~(y) is symmetric (with respect to involution on 
Y = X X X) if and only if there is a symmetric line bundle M. on 
Pic(X) such that 

Moreover such an A4 is isomorphic to A*C where A is the diagonal 
embedding Jac(X) — >• A. 

Proof. Indeed, any such C induces an endomorphism 

a : Jac(X) — ^ Pic(Jac(X)) = Jac(X), x ^ C\^xji,c{x)- 
By universality of the Poincare bundle we have that 

The rest of statements in (1) is clear. If C is symmetric, we take 

A*/:^ A*{a,l)*V. 

Then we can show that 

□ 

Example 

Let e be a class in Pic^(X). The class s{A) := A — pie — p%e on X x X is 
the pull-back of Poincare bundle via the embedding X — > A via e. It is also 
induced from the theta divisor: 

2s(A) = -s(e)|xxx. 
Composition of arithmetic correspondences 

Let Xi {i = 1,2,3) be three curves over a number field. Let (£, || ■ ||) and 
M. — {M, II ■ II) be integral metrized hne bundles on Xi x X2 and X2 x X3 
respectively. We can define a composition Co M. hy Deligne pairing for the 
projection 

7ri3=, : X1XX2XX3 — >XixXs 
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It is easy to see that the composition is compatible with the induced action 
on Chow groups of models of Xj. 

If C and M. are in Pic~(Xi x X2) and Pic^(X2 x X3) with respect to 
some base points e, and the metrics are admissible then the composition is 
also an admissible class in Pic~(Xi x X3). 

2.3 Gross— Schoen cycles 

In this subsection, we will study the height of Gross-Schoen cycles. We will 
deduce a formula between the height of Gross-Schoen cycles and the triple 
pairing of correspondences in Theorem 2.3.5. 

Let X'^ be a triple product of a smooth and projective curve X over k. 
Let e be a rational point on X. For each subset T of {1,2,3} define an 
embedding from X to X^ which takes x to (xi, 2:2, x^) where Xi = x ii i & T 
and Xi — e otherwise. Then we define the modified diagonal by 

We may extend this cycle for case where e is a divisor on X of degree 1 as 
in Introduction: 

Lemma 2.3.1 (Gross-Schoen). The cycle Ae is cohomologically trivial. In 
other words, its class in if^(X^) has zero cup product with elements in 
H\X^). 

Proof. As 

H\X^) = ®i+^+k=2H\X) ® W{X) ® H\X), 

any element in the above group is a sum of elements of the form p*ja where 
Pij is the projection to (i, j) factors X x X and a e i7^(X^). For such form, 
the pairing is given by 

(Ae,p*,a) = {pij^Ae,a). 
It is easy to show that Pij^A^ — 0. Thus Ag is homologically trivial. □ 
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Arithmetical Gross— Schoen cycles and heights 

Gross and Schoen have constructed a vertical 2-cycle V in certain regular 
model of such that Ag — V is numerically trivial on each fiber, where Ag 
is the Zariski closure of Ag. One may further extend this to an arithmetic 
cycle Ag = (Ag — V, g) by adding a green current g for Ag with curvature 
0. Thus we have a well define pairing. More generally, let ^1,^2,^3 be three 
correspondence, then t — ti®t2®t3 e Ch.^{X^ x X^) is a correspondence of 
X^, and we have a pairing 

(2.3.1) (Ae,rAe). 

Triple pairing on correspondences 

In the following we want to sketch a process to relate this pairing to some 
intersection numbers of cycles ti on X^. 

First let S denote an idempotent correspondence on X defined by the 
cycle 

5 := Ai2-ple. 

Let S^ = 6^6^6e Ch^(X^ x X^) denote the corresponding correspondence 
on X^. Then it is not difficult to show that 

(2.3.2) Ae = (5^)*(Ai23). 

Indeed, the pull-back of the cycle pie G C{X) takes every point to e on X. 
The projection in Lemma 2.2.1 is given by the idempotent 5: 

t^te-.^Sotod"^ = t- pl{t*e) - pl{Ue) e Pic-(F). 

Since 5o5^5, ((53)*Ae = Ae, 

(Ae,rAe) = ((53)*Ae,r(5^)*Ae) = {K, {5%t\5y A,) = {A.^e^) . 

If follows that in the expression (2.3.1) we may assume that t G C(X)e. 

Notice that the cycle 5 in X"^ has degree for the second projection. 
Thus we can construct arithmetic class 5 extending 5 as an integrable adelic 
metrized line bundles so that it is numerically zero on fibers of X"^ via the 
second projection. In other words, for any point p & X and vertical divisor 
V on X, the intersection 

v-i;(5)^o 
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where ip is the embedding x — > {x,p)- For example, we may construct such 
a metric by decomposition 

5 = ( Ai2 - pie - p^e) + pie 

and put the admissible metric on the first class as in the last subsection, and 
put any pull-back metric on p^e. We may further assume that 5 has trivial 
restriction on X x {e}. 

Lemma 2.3.2. 

Proof. Let C be the adelic metrized line bundle with a section ^ and a divisor 
div(£) = 5. By definition, 5 o 5 is a divisor of a rational section 

of the line bundle (vr]'2>C, 1^22,^) for the projection ttis* : — > X'^. By 
formula (2.1.1), the norm (7ri2-^, 7r23£) at a place v can be written as 

log II (Try, 7r;,i) II = log II (Try |div.|3^) || + 7ri3*(log ||Tri*2^||ci(Tr2*3£)). 

For the first term, notice that 

divTr^a^ = n*^S ^ X x A - X x {e} x X. 

Both term are isomorphic to X x X via projection Tris. Thus the Deligne's 
pairing is given by inversion of Tris 

(7rt2>C|div7r*3£) = >C O a*/:"^ = jC 

where a is the morphism 

a: X^ — ^ {^,y)^{x,^)- 

The second equality is given by the assumption that C has trivial restriction 
on X X {e}. It is easy to check that this isomorphism takes (Trjf2>C|div7r53^) to 

e. 

For the second term, the restriction of the integration on a point {q,p) G 
X^ is given by integration 

/ \og\\j;i\\c,{t;c), 

Jx 

where jg : X — > X"^ is a morphism sending x to {q,x). This integral is a 
limit of intersection of C with some vertical (adelic) divisors on X. Thus it 
is zero by assumption of 5. □ 
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We want to apply the above Lemma to construct an extension Ae on Ae 
on some model which are numerically trivial on special fiber. We will use 
regular models constructed in Gross-Schoen [20J. Let X — > 5 be a good 
model X in the sense that the morphism has only ordinary double points as 
singular point, and that every component of fiber is smooth. Then we can 
get a good model of X"^ by blowing up all components in fiber product 

in any fixed order of components. Let A123 be any arithmetical cycle on 
X^ extending Ag. By Lemma 2.1.2, the divisors 6^ defines a correspondence 
on X^ X X'^. Thus we have well defined arithmetical cycle {6^)*Ae. 

Lemma 2.3.3. The cycle (5^)*Ai23 is numerically zero on every fiber of X^ 
over Spec Ok- 

Proof. In other words, we want to show that for any vertical cycle V 

= (6^yAu3-V = Ai23-6lV = 0. 

Actually we will to show the following 

(2.3.3) 6lV = 0. 

First let us consider an archimedean place. The curvature of 6 is zero on 
each fiber of p2- Thus it has a class in 

pIh'{x)+pIh\x)0p;h\x). 

In particular it is represented by a form uj{x,y) of degree 2 whose degree on 
X is at most 1. It follows that the curvature of 6^ is represented by a form 

uj{xuyi)uj{x2,y2)ujixs,y3) 

on X^ X X^ whose total degree in Xj's is at most 3. It follows that for any 
smooth form (p on the first three variable {xi, X2, x^) of degree 2 the integral 
on x-variable 

P456*{i^{Xi,yi)Lj{x2,y2)uj{x3,y3)(f){Xi,X2,X3)) = 0. 

Now let us consider finite places. Now let V be an irreducible vertical 2- 
cycle on X^ over a prime v of Ok- Then there are three components Ai,A2, A3 
of X over v such that V is included in the proper transformation 
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of the product Ai x A2 x As in X^. Notice that A1A2AS is obtained from 
AiX A2X A3 by blowing up from some curves of the form Ai x {p} x {q}, etc. 
Thus \^ is a hnear combination of exceptional divisor and pull-back divisors 
from X X A^. By the theorem of cube, V is linear equivalent to a sum 
of pull-back of divisors V^j via the (i, j)-projection: 

We may assume that V is one of this term in the right, say 

^ (Pt2 ^12)^1X^2X^3 = {p*12Vl2)x3 -pIAs. 

Now the intersection con be computed as follows: 

SlV ^ {P,V,2){IAs). 

By definition, 

The cycle p^A^ • 5 in over each point y of is a divisor x {y} ■ 6. This 
is zero by assumption on 5. Thus we have shown (2.3.3). □ 

Now we go back to the intersection number in (2.3.1) for ti e C{X)e. Let 
ti be any arithmetic model of t^. There product t is an arithmetic extension 
of the product t oi ti. By our construction, we see that 

(Ae,rAe) = (53)*Ai23 ■?(?')*Ai23 = Au3 ■ S^t* {6^yAu3- 

Recall that t e C{X)l, S^oto {S^f = t. We may replace by So % o to 
assume that 

(2.3.4) ti^5oti^%of^ . 

Under this assumption, the height pairing is given by 

(Ae, r Ae) =Ai23 • (^1 «) ^2 i3)*Ai23 

=^123^123 ■ (tl ® i2 (E) is) ■pl56Ai23- 

Here the intersection is taken X^. 
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As the product of the operators ti annihilated any vertical cycles, the 
above intersection number is equal to the following expression on X x X via 
embedding 

— > X^, {x, y) (x, X, X, y, y, y). 

This is simply the intersection product of ti since the tensor product of cycles 
ti are the pull-back via Pi,3+i- Thus we have shown the following identity: 

(2.3.5) (Ae, {ti ® ^2 ® hYA^) ^ti-t2-h 

for cycle ti e C{X)e and its extension satisfying equation (2.3.4). 

In the following we describe the arithmetic class ti satisfying (2.3.4). 

Lemma 2.3.4. The arithmetic divisors t on X^ satisfying (2.3.4) ^.f^ exactly 
the arithmetic divisors t e Y'\c~{X x X) with admissible metrics. 

Proof. By Lemma 2.2.3, we need only check conditions in Lemma 2.2.3. 
Assume that t satisfies (2.3.4). Prom the definition of 5 we see that for 
any vertical component 

5,{v) = 0, 5*{e) = 0. 

From the expression t = 5 o t we see that 

U{v) = 5,(t,v) = 0, r*(e) = t*5*e = 0. 

Similarly we can prove other two equalities by expression t = to 5. 

Now assume that t satisfies the condition in the Lemma. Consider the 
divisor 

's :— t — 5 oto 6^ . 

By what we have proved, 's is trivial on fibers over closed points and divisor 
{e} for both projection. This divisor must be trivial. Thus we must have 
t = S ot o 5^. Then the property (2.3.4) follows immediately. □ 

In summary, we have shown the following: 

Theorem 2.3.5. For any correspondences ^1,^2, is in Pic~{X x X) we have 

(Ae, {ti ®t2® ts)*A^)) =ti-t2-ts 

where ti are arithmetic cycles on some model ofX^ extending ti and satisfying 
conditions in Lemma 2.2.3. 
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2.4 Gillet— Soule's Conjectures 

By the standard conjecture of Gillet-Soule [18] the pairing should be posi- 
tively on the primitive cohomologically trivial cycles. This implies the fol- 
lowing 

Conjecture 2.4.1. The following triple pairing is semi-positive definite: 

X C(X)f — > R 

{tl ® ^2 ® ^3, Si® S2® S3) ^-^Sl O t'^ ■ S2 O t2 ■ S3 O t'^ 

= ((tl®t2®t3)*Ae, (Si (g)S2® S3)*Ae). 

Notice that for any t G C(X)e, the correspondence t o is a symmetric 
and positive correspondence in C{X)e in the sense that there is a morphism 
: X — > A from X to an abelian variety A with ample and symmetric lines 
bundle £ such that —t o (up to a positive multiple) is the restriction on 
X X X of the Chern class of the following Poincare bundle on A x A: 

-tot'' = s{C) := m*C ® pIC^ ® pIC-^ ® 0*/: 

where m : A^ — > A is the addition map. 

Based on the conjectured positivity of height pairing of zero cycles; we 
make the following: 

Conjecture 2.4.2. Let X he a curve in abelian variety A passing through 0. 
Let Ci be three semipositive and symmetric line bundle on A and let s{Ci) be 
the induced Poincare bundles: 

sid) := m*C, ® pICt^ p;Cr^ ® 0*^. 

Let ti be the correspondence induced by the restriction of s{Ci) in X x X. 
Then 

siCi)- sfy- sfylxxx <0, 

where Ci is the admissible adelic metric on Ci. Then this number vanishes 
if and only if cycle 

is trivial. 
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2.5 Height pairing and relative dualising sheaf 

In this subsection we want to give a formula for the self-intersection of 
Ae in terms of intersection theory of admissible metrized line bundles in 
our previous paper [31]. Recall that in this theory, an adelic line bundle 
0{A) := (C(A), II ■ II) has been constructed for a curve over a global field. 
More precisely, for an archimedean place v, — log ||l||t, is the usual Arakelov 
function on the Riemann surface Xy{C). For non-archimedean place v, 

-log||l||(x,?/) = ivix,y) + G^{x,y), 

where iv{x, y) is the local intersection index and y) is a green's function 
on the metrized graph R{X^). We will prove in §3.5 that this adelic metric 
line bundle is actually integrable in sense of [32] • In the following we assume 
this fact and try to prove a formula for height of Gross-Schoen cycle. 

Now fix a divisor e on X of degree 1 and put a metric on it by restriction 
of 0(A) on X X {e}. Then we have the admissible (adelic) divisor on X x X 
satisfying conditions 2.2.3: 

fe = A - p^e - ple + ■ F. 

Here the last number ■ F means multiple of a vertical fiber F. 

Theorem 2.5.1. Assume that g > 2 and that the adelic metric line bundle 
0{A) is integrable. Then with notation as above 

(Ae,A.)=t^=|±ls^ + 6(^-l)K||^ 

- logllUll • (A^ - 6A -p^e + Gple-p^e). 

Here the last term is an abbreviation for the adelic integration in (2.1.1) of 
— log II 1a II against the product of the first Chern class of various arithmetic 
divisors involved. 

Proof. By Theorem 2.3.5, we have a formula 

(Ae, Ae) = (A - ple~plef + 36^ ■ (A - p\e~plef 
- 3A2 ■ (pte + Pie) + 3 A ■ {pie + p^ef 
- {Ple + p^ef + ?,e^F ■ (A - ple-plef. 
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The last four terms can be simplified as follows: 

-SA^ • {ple+ Pie) = -6A^ ■ pie, 

3 A • {p*e+ p^ef = 3 A • {p\e^ + ^262 + 2p*e • p^e) = Ge^ + 6 A • pie ■ p^e, 
Se^F ■ (A - Pie- p^ef = 3e^{2 -2c/ - 2- 2 + 2) = -6ge^, 
-{ple + p*2ef = -{ple^ + p*2e^ + 3ple^ ■ p^e + Sple-p^e^) = -6e^. 
In this way we have the following expression: 

(Ae, Ae) =A=^ - GA^ • ple + 6A • p*e • p^e - 6ge^ 

= - 6ge^ + A • (A^ - 6A • p*e + 6p*e • p^e). 

The last term can be written as a sum of the restriction on A, and an 
intersection of — log ||1a|| against other cycles: 

(Ae, Ae) = - 6ge^ + - 6u) ■ e + 6e^ 

- log ||1a|| • (A' - 6A • ple + 6ple-p*e). 

□ 

When the genus of X is one this formula gives tl — 0. Assume that 
g > 1. Then we can get a formula in terms of the class of :— e — 2^32'^ 
Pic°(X)Q using the formula for the Neron-Take height: 

.2 I ^\ ^ o)^ Qe ^2 
XeW = e = —. -r h e 



a)^ / cue 



— e 



Corollary 2.5.2. The pairing (Ae, Ae) gets its minimum when e — ^. More 
precisely, we have 



(Ae,Ae) = (A^,A5) + 6(^-l)||a; 



l2 

el 



The last term in Theorem 2.5.1 is a sum of local contribution over places 
of k. The contributions from archimedean place is easy to compute: 
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Proposition 2.5.3. At an archimedean place, the contribution in the last 
term of Theorem 2.5.1 is given by 

^ If ^ 

Proof. At an archimedean place, — log ||1a|| = G{x,y) is the usual Arakelov 
Green's function, and 0{A) has curvature 

hA{x,y) = dii{x) + dniy) - 7^ J]] {uji{x)uji{y) + Ui{y)LJi{y)) 

i 

where Ui is a bases of V{X, Q) such that 

J (jJiLUj = Si J. 

It follows that 

hAdiJ,{x) = hAdn{y) = dii{x)d^{y) 
also J G{x,y)dii{x)diJi,{y) — 0. Thus we get the formula 



G ■ [/i^ — 3/iA ■ {PidfJ, + p^dfi) + 3{pldfi + p^dnY^ 



Ghl. 



Let 0^ be the real eigen function on X of the Laplacian for the Arakelov 
metric with eigenvalue > then 

Since J^G{x,y)dii{x) — g{x,y)dii{y) — 0, it follows that 

Gh\ = / G{x,y)[dn{x) + dn{y) - v^^{uji{x)(:ji{y) + Ui{y)(:D{x)]^ 

= - / G{x,y){y2M^)^iiy) + ^iiy)^i^)y 

= - / G{x,y)^[u;i{x)Oj{x)ui{y)u;j{y)+Ui{x)u;j{x)u;i{y)Oj^^^^ 

^-^Y I (t>i{x)uJi{x)uj{x) I (f)i{y)ui{y)ujj{y) 

(f)i{x)u)i{x)ujj{x) / (f)i{y)uji{y)u)j{y) 
Jx 
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Since 0^ are all real, it follows that 



u;j[x) 



□ 



Remcirk 1 

The quality in the Proposition is negative. Indeed it vanishes only when UiCUj 
is perpendicular to all (f)£. As dfi is the only measure satisfying this property, 
UiUij are all proportional to each other. Thus we must have g = 1, and thus 
a contradiction. This leads to a conjecture that all local contributions at bad 
place are all negative. 



Remcirk 2 

When X is hypereUiptic, Gross and Schoen have shown that is rationally 
equivalent to 0. It follows that = 0. Our conjecture thus gives a formula 
for Q'^ in terms of local contributions. 



3 Intersections on reduction complex 

The aim of this section is to describe an intersection theory on the product 
Z of two curves X and Y over a local field k and use this to finish the proof 
of Main Theorem 1.3.1. The reduction map on the usual curves over local 
field gives a reduction map 

Z(k) — > R{Z) := R{X) X R{Y) 

where the right hand side is the product of the reduction graphs for X and 
Y. The semistable models X and 3^ over finite extensions k' gives a model 
^Oy y- Blow-up these models at its singular points to get regular (but 
not semistable) models Z for Z. We will show that the vertical divisors of 
Z can be naturally identified with piece- wise linear functions on R{Z). The 
intersection pairing on vertical divisors can be extended into a pairing on 
functions fi {i = 1, 2, 3) on R{Z) such that each /j^ (resp. fiy) is continuous 
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as a function of y (resp. x) except at some diagonals D as follows: 

(/l, /2, h) = [ {^.{h){hyhy) + ^Mihyhy) + K{h){hyf2y)) dxdy 

Jr{X)xR{Y) 

where A^^ and Ay are Laplacian operators on piece-wise smooth functions, 
and S{fi) are some invariants of on the diagonal to measure the difference 
of two limits of first derivatives. 

3.1 Regular models 

In this subsection, we will study local intersection theory on a product of 
two curves with semi-stable reduction. We first blow-up the singular points 
in the special fiber to get a regular model. This model has non-reduced 
exceptional divisors isomorphic to x but is canonical in the sense that 
it does not depend on the order of blowing-ups. Also one can get semistable 
models by blowing-down exceptional divisor to one of two factors P^. Then 
we give an explicit description of the intersections of curves and surfaces in 
this threefold. Finally, we show that the inverse of the relative duahsing sheaf 
on a semistable model can be written as in a similar way as the restriction 
of the ideal sheaf on the proper transformation of the diagonal. 

Let i? be a discrete valuation ring with fraction field K and algebraically 
closed residue field k. Let X and Y be two smooth, absolute connected, and 
projective curves over K, and Z — X xY their fiber product over R. Assume 
that X and Y have regular and semistable models Xji and Yr with no self 
intersections. Then Z has a model Xji x r Yr which is singular at products 
of two singular points on special fibers X^. and Yj^. Blowing-up these singular 
points we obtain a regular model Zr over R. 

Covering chcirts 

The special fiber of Zr consists of proper transformations AB of the products 
of components A and B of Xr and Yr and exceptional divisors Ep^g indexed 
by singular points p and q of X^ and Y^. To see this, we cover Xr and Yr 
formally near their singular points by local completions of the open affine 
schemes of the form: 

V = Speci?[xo, Xi]/{xoXi - tt), W ^ SpecR[yo, yi]/{yoyi - n). 
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Then Zji is covered by blow-up at the singular point (xq, Xi,yo, yi) of 

V XrW = SpecR[xo,xi,yo,yi]/{xoXi - 7i,yoyi - n). 

It is clear that Zr is covered by four charts of spectra of subrings of the 
fraction field K{xo,yQ) ofVxW: 

C/xo = SpecR[xo,yo/xo,yi/xo]/{{yo/xo){yi/xo)xl - tt), 

Ua;^ = SpecR[xi,yo/xi,yi/xi]/{{yo/xi){yi/xi)xl - tt), 

Uy^ = SpecR[yo,xo/yo,xi/yc]/{{xo/yo){xi/yo)yl - tt), 

Uy^ = SpecR[yi,Xo/yi,Xi/yi]/{{xo/yi){xi/yi)yl - n). 

In terms of valuations on K normalized such that ord(7r) = 1, then ctj = 
OYd{xi), Pi = ord(7/i) are non- negative with sum 

ao + ai — /3o + Pi — 1 

and ^-points in these charts are defined by domains of (q;o,/3o) G [0, 1]^: 

: min(Q;o, 1 - cto) > Po, 

U^^ : min(/3o, 1 - /3o) > 1 - ao, 

Uy^ : min(/5o, I - Po) > ao, 
Uy^ : min(ao, 1 - ao) > 1 - Pq- 

These are exactly four domains in the unit square divided by two diagonals. 

Let Aq^Ai^Bq, Bi be divisors in V and W defined by xi, xq, yo respec- 
tively. Then the special fiber of Zr is a union of five divisors 

^o-So, AqBi, AiBq, AiBi, E. 

Here the first four terms are proper transforms of the products of curves in 
V XrW and E is the exceptional divisor. Each divisor is defined by an 
element in each of the above charts. For example, E is defined by equations 
xqi xi, 7/0, Vi in the above four charts, and AqBq is defined by yi/xo, 1, Xi/yo, 1 
respectively. 

Figure 1 shows the reduction complex associated to Zr placed on (ao, Po)- 
coordinate axes. The four corners and the center point of the square cor- 
respond to the four product components and the exceptional divisor of Zr, 
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Figure 1: Reduction complex 

respectively. The eight segments in the square correspond to the curves of in- 
tersection of the components in Zj^. The four 2-cells labeled Uxg, U^i, Uy^, Uy^ 
correspond to the four points of Zr where three components meet transver- 
sally. 

Figure 2 shows the configuration of special fibers before and after blow- 
ups. On the left is a diagram representing the various product components 
in the special fiber oiV Xj^W and how they project onto each factor. On the 
right is a diagram representing Zr, which is the blow-up of V x^W. The 
components A^Bj are strict transforms of product components in V Xji W. 
The component shaped like a diamond in the diagram on the right collapses 
to the singular point at the center of the cross in the left diagram. 

Intersections 

Back to the global situation. The following properties are easy to verified: 

• each component AB is obtained from Ax B hy blowing at the singular 
points of Xr xYr on a X B, and has multiplicity one in divisor (tt); 

• two different components AqBq and AiBi intersect if and only if either 
^0 = Ai and BqHBi^ 0, or Bq = Bi and AqHAi^ 0; 

• each exceptional divisor is isomorphic to x and has multiplicity 

2 in (tt); 
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Bo 




V XrW 



Figure 2: Special fibers of blow-ups 

• two component AB and Ep^q insect if and only if p e vl and q & B; 

• two different exceptional divisors do not intersect. 

In the following we want to compute the intersection numbers more pre- 
cisely. Assume that p — Aq ■ Ai, q — Bq ■ Bi. The intersection can be 
described as follows: 

• AqBq ■ AqBi is given by the proper transformations Agq of Aq x q in 
AqBq and AqBi, 

• one may choose an isomorphism Ep^g ~ P-^ x P-*^ so that the following 
hold: ' 

A^o ■ Ep^g = P^ X 0, A^i = P^ X oo, 

A^i ■ Ep^g = X P\ A^o = oo X P^ 

We may also compute the self intersection of vertical divisors in Chow 
group using the following equation: for any vertical divisor F in Zk, 

^ F . (n) ^ F . iJ^AB + 

A,B p,q 

where the sums are over components A, B and singular points p and q of 
Xk, Yfe. It follows that 

AB — — Aq — "^^pB — 2 exceptional divisors over (p, q), 

q p p,q 
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£;2 ^_pi xO-OxP^ 

Here the sums are over singular points p^qva. A,B. 

In the foUowing wc want to compute the intersection numbers between a 
curve C and a surface F included in the special fiber Zf. oi Z. Assume that 
C is included in a surface G then 

C-F^{C-Fg)g 

where Fq is the pull-back of F in G via the inclusion G — > Zr, and the right 
hand is an intersection in G. Thus to study intersection pairing it suffices to 
study the intersection pairing of Z with the subgroup B{G) of divisors of G 
generated by Fq — F ■ G in NS(G), the Neron-Severi group of G. 

Lemma 3.1.1. The intersection pairing on B{G) is non- degenerate. 

Proof. If G = AB., this group is generated by NS(A), NS(-B) via projections 
and the exceptional divisors. It is clear that the intersection pairing on B{G) 
is non-degenerate. If G = x P^, then B{G) = NS(G) and the intersection 
pairing is clearly non-degenerate. □ 

By this lemma, we may replace C by its projection B{C) in B{G). As 
all S(G)'s are generated by intersections F ■ G, we need only describe the 
intersection of three surfaces in Z^. Let Fi,F2, F3 be three components. 

• If they are all distinct, then the intersection is non-zero only if they 
have the following forms after an reordering 

Fi = ABq, Fi = ABi, Fs = Ep^q 

where p is a singular point on A and q — Bq ■ Bi. In this case the 
intersection is 1: 

Fi • F2 • F3 = 1. 

• If Fi = F2 7^ F3 then 

Fi-F2-F3 = z*(Fi)2, ^:F3^X 

Furthermore if Fi = ABq, F3 = ABi, then i*Fi = Aq and 

F^ ■ F3 = i*(Fi)^ = —s{A) := —number of singularity of Xk on A. 
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• If Fi = AB, F3 = Ep^g with p e A and q e B, then i*Fi is a on 
F3 ~ X P^ of degree (1, 0) or (0, 1). It follows that 

• F3 = 0. 

• If Fi = Ep^q, F3 = AB with p E A, q E B, then i*Fi is one exceptional 
divisor on F3 and then 

■ F3 = -1. 

• Finally if Fi = F2 = F3 then 

= F'.{7r) = F'.{J2AB + 2j2E,,). 

A,B p,q 

It follows that ^ _ 

AB ^2s{A)s{B), El^^2. 

Relative dualising sheaf 

Now assume that X = Y. Let Af> C Zf> be the Zariski closure of the diagonal 
in Zji. Then A/j is the blowing-up of at its double points in the special 
fiber. Let i : Aji — > Zr and / : — > Xr be the induced morphisms and 
let uj be the relative dualising sheaf on Xr. 

Lemma 3.1.2. 

ru; = rOz«(-A^). 
Proof. Since the question is local, we may assume that Xr is given by 

'^\;)GcR[xq, Xi]/ {xqXi — tt) 

then the relative dualising sheaf is given by the subsheaf of ^Xa/r ® ^i-^) 
generated by dxo/xo = —dxi/xi. The scheme Zpi is obtained by blowing up 
the singular point on X^ Xr Xr and is covered by 

Uxoi Ux-i^, Uy^^, f/j^j. 

The subschcmc is defined by an ideal / generated by yo/^o ~ 1) ~ 1 

in these charts and has coverings given by 

Ko = SpecR[xo, xi/ xo]/ {{xi/ Xo)xl - tt), 

Ki = SpecR[xi, Xq/xi]/ {{xq/ xi)xl - tt). 

As dxo and dxi are the image of yo — xq and yi — Xi on Ar, we see that I/P 
is generated by dxo/xo = —dyo/yo. □ 
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3.2 Base changes and reduction complex 

In this subsection, we describe the pull-back of vertical divisors respect to 
base changes. The direct hmit of vertical divisors can be identified with 
piece- wise linear functions on the reduction complex which is the product of 
metrized graphs. 

Let 5* be a ramified extension of R of degree n with fraction field L. Let 
Zs be the model of Zl obtained by the same way as Zr. In the following 
we want to describe the morphism Zs — > Zr in terms of charts. As this 
question is local, we may assume that Xr and Yr are given by 

Xr = Speci?[xo,Xi]/(a:oa;i - vr), Yr = SpecR[yo,yi]/{yoyi - n). 

Then Zr is obtained by blowing up at the singular point {xQ,Xi,yQ,yi) of 
^rYr and is covered by four charts of spectra of subrings of the fraction 
field K{xq, yo) of Xr x Yr: 

1 , UyQ , C/yj . 

Let t be a local parameter of S such that n — f". For integers a, 6 e 
[0, n — 1], set 

Then Xs and Ys are unions of the following spectra: 

K = Speci?[xo,a, Xi^a\/{xo,a ' Xi,a -t), < a < U - 1. 

Wb = SpecR[yoh, yib]/ ivob -yib-t), < 6 < n - 1. 

In terms of valuations on ^-points, a = ord7r(a;o), /3 = ord7r(|/o), Va and Wp 
are defined by inequalities 

a/n < a < {a+l)/n, b/n < (3 < {b + l)/n. 

The special component of Xs has n-singular points with one on each 
and is the union of n -|- 1-componcnts A„ „ (a = • ■ ■ n) defined by Xia in 
Ua ii a < n — 1, hj xo^a-i in Ua-i if a > 1, and by 1 on other components. 
Similarly, we have components Bn,b for Ys- The product Va x Wb has the 
special fiber to be a union of 
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Figure 3: Special fibers of base changes 



The scheme Zg is covered by the blowing up [/„,& of K x at its singular 
point. Here we have diagrams of the schemes Xs 'Xs^s and the blow-up 
along the singular points, denoted Zg (for the case n = 3). We have labeled 
a general product component x B^^h as well as its strict transforms 

ABn,a,b- We have also labeled one of the exceptional divisors Ea^f, that arises 
from the blow-up 

The scheme Ua,b is covered by four affine schemes with equations: 

Uxo,a,b •■ ( — )( — ) {Xoaf = t 
\X0aJ \X0aJ 
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The divisor (t) has five components over x Wf,: 

ABn,a,b, ABn,a,b+i^ ABn,a+l,b, ^-Bn,a+1,6+1 , Ea^},. 

In terms of valuations a = ord7r(a;o), P = OTdT,{yo), Ua,b are defined by 
following inequalities: 

min(ao — a/n, l/n — (ao ~ a/n)) > ~ b/n 
min(/3o — b/n,l/n — (/5o — b/n)) > 1/n — [oq — a/n) 

min(/3o — bln,lln — {[3q — b/n)) > (ao — a/n) 
min(ao ~ '^Z''^; 1/''^ ~ («o ~ a/n)) > 1/n — {Pq — b/n) 

These are parts divided by diagonals in the square [a/n, (a+ l)/n]x [b/n, {b+ 
l)/n]. Thus the morphism from Zs to Zpt is given by the inclusion of the 
parts in [0, 1]^. 




Figure 4: Reduction complex of base changes 

Here is a diagram of the reduction complex associated to the special fiber 
in Figure [3l The vertices of the complex correspond to the components of Zs, 
with the nine fat points corresponding to the 9 exceptional divisors. (They 
have multiplicity 2 in the special fiber.) 
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Pull-back of vertical divisors 



In the following we want to compute the pull-back of vertical divisors Zji in 
Zs- Let (y9 : Zg — > Zr denote the morphism. Let us index divisors using set 
K on [0, If of the form (|^,^): 

Da/n,h/n '■= ^-B„,a,(), a, 6 G Z 

Da/n,b/n '-^ '^Ea-i/2,b-l/2 a,b eZ + - 
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Lemma 3.2.1. 



(p*AB — n ^ max(l — a — b, 0)Da,b- 



(a,6))eA„ 

(p*(E) — n min(a, 1 — a, 6, 1 — b)Da^b. 

(a,6)eA 

Proof. First we notice that (p*AoBo is defined as zeros of xi/yo — yi/xo on 
Uxo and Uyg, and 1 on and C/y^. Thus it is defined by 1 on Uxi,a,b and 

Uyi,a,b a a + b > n. It follows that the multiplicity of ABn^a,b and are 
zero if a + 6 > n. Now we assume that a + b < n. Then Xi/i/q — Vi/xq on 
UxQ has the following expressions in the charts UxQ,a,b and Uy^^a,b- 

(\ n—a—b / \ n—l—a—b 
I I ^Ib I ^2(n— 1— a— b) 

(\ n—l—a—b / \ n—a—b 
yob ) V 2/06 / 

Either one of these formulae shows that the pull-back of AqBq has mul- 
tiplicity n — a — 6 at ABn,a,b, and 2(n — 1 — a — b) at Ea,b- This proves the 
first formula in Lemma. 

For exceptional divisor, we may using the following decompositions 



div(7r) = AiBj + 2E, 



i,j=0 



div(i)= Yl 

(a,b)eA 
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The fact (p*div{n) — ndiv{t) implies that 

ip*(E) = n min(a, 1 — a, 6, 1 — h)Da,b- 

(a,b)GA 

□ 

Remarks 

Alternatively, we may compute pull-back of an exceptional divisor directly 
by using charts: 

\XQaJ \XOaJ 

\yobJ V yob J 

(\ n~b—l / \ n— 6— 1 
^) (^) W^"-^-^ 

v\h ) \yibj 

Reduction complex 

Let C{X) and C{Y) be the reduction graphs of X and Y respectively with 
reduction morphisms 

rx: X{K)^C{X), ry : Y{K)^C{Y). 

Recall that R{X) and R{Y) are metrized graphs with edges of lengths 1 
parameterized by irreducible components and singular points in special fibers 
of Xr and Yr. The reduction map is given as follows. An edge E ~ [0, 1] 
corresponds to a singular point near which Xr has local structure 

R[xo,Xi\/{xoXi - tt) 

such that and 1 correspond to Xi = and Xq = respectively. Then the 
reduction morphism is given by 

(xo^yo) — ^ ord(a;o). 
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Here ord(j;o) is a valuation on K such that ord(7r) = 1. The reduction map of 
a point is a vertex (resp. a smooth point in a edge) if and only if the reduction 
modulo 71 of this point is in a corresponding smooth point in a component 
(resp. a singular point). After a base change L/K oi degree n, the dual 
graph is unchanged if we change the lengths of edges to be 1/n. In other 
words, the irreducible components of and singular points corresponding 
to rational points on C{X) with denominator n and intervals between them. 
Let us define the reduction complex of Z = X x F to be 

C{Zr) ■.^C{Xr)xC{Yr) 

with a triangulation by adding diagonals. We have induced reduction map. 
The vertices in the complex correspond to irreducible components in Zr] the 
edges correspond to intersection of two components; the triangle correspond 
to intersection of three components. 

The reduction complex of base change [L : K] = n after a change of 
size coincides with the same complex with an n-subdivision of squares and 
then an triangulation on it. Thus we may define C{Z) the complex without 
triangulation. 

Let V{Xr) denote the group of divisors with real coefficients supported in 
the special fiber. Let M(C(Z)) denote the space of continuous real functions 
on C{Z). Then we can define a map 

V{Xr)^W{C{Z)), F^fR,F 

with following properties: write 

C E 

where C runs through all non-exceptional components of Zr, and E all ex- 
ceptional components, then 

• Jr^f is linear on all triangles. 

• fR,F{r{C)) = ac, 
. fR,F{r{E)) = hE. 

Let V{X) denote the direct limit of V{Xs) via pull-back map in the 
projective system Xg defined by finite extensions of R in R. The main result 
in the last subsection gives the following: 
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Lemma 3.2.2. The map [S : R] ^fs induces a map 

: V{X) = limV"(X5) — > R{C{X)). 

Moreover the image of this map are continuous function which are linear on 
some n-triangulation. So it is dense in the space of continuous functions. 

3.3 Triple pairing 

In this section we are try to define a triple pairing for functions in F{C{Z)). 
More precisely, let /i, /2, /s be three continuous functions on C{Z). Then for 
any positive integer n, let us define piece wise linear functions such that 
fi^n is linear on each triangle of the n-triangulation, and has the same values 
as fi at vertices of triangles. Then will correspond to vertical divisors 
Fiji in V{Zr^) where is a ramified extension of degree n. Lets define the 
triple pairing 

(/l.nj /2,n, /s.n) = ^ (-^1 ,n ' ^2,11 ' ^3,11) 

where the right hand side is the intersection pairing on Zji^. Notice that 
if fi = fi,i, then = /j and = n-^ip*^Di^i by §3.2, where ipn is the 
projection Z^^ — > Zr. It follows that 

Thus the above pairing does not depend on the choice of n if every fi — fn. 
We want to examine when the limit does exist and what expression we can 
get for this limit. 

Proposition 3.3.1. Assume that the functions fi, f2, fa onC{Z) are smooth 
on each square with bounded first and second derivatives. Then the intersec- 
tion pairing on vertical divisors induces a trilinear pairing 

ifi, f2, /a) / {fixf2yf3xy + permutations)dxdy, 

JC{Z) 

where the integrations are taken on the smooth part of the complex and f i^, 
f2y, etc are partial derivatives for any directions on edges of R{X) and R{Y). 

Proof. Our first remark is that from the formulae given in §3.1, the compu- 
tation can be taken as a sum of intersections on squares. In other words, 
we may assume that both Xr and Yr have one singular point. Then the 
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complex C{Z) can be identified with the square [0, 1]^. By calculation in §3.1 
and §3.2, we have the following expression of divisors: 

{a,6)eA„ 

Again the intersection can be taken on sum of small squares: 

n-l 3 
a,h=0 i=l 

+ fi{a + 1/n, h + l/n)Da+l/n,b+l/n + fi{a + l/2n, 6 + l/2n)L'„+i/2n,fe+l/2n)a,6 

where the last product is the intersection on the square starting at (a, h). As 
the sum 

F>a,h + F>a+l/n,h + -Da,6+l/n + -Do + l/n, 6 + l/n + -Da+l/2n,6+l/2n 

has zero intersection with products, we subtract each coefficient by £^a+i/2n- 
Thus the last product has the form 

3 

]^(ai-Da,b + biF>a+l/n,b + CiDa,b+l/n + diDa+l/n,b+l/n) 
1=1 

with 

ai = fi{a, h) - fi{a+ l/2n, b + l/2n), 

bi = f,{a + 1/n, b) ~~ f,{a + l/2n, b + l/2n), 

Ci = f,{a, b + 1/n) -Ma + l/2n, b + l/2n), 

di = fi{a + 1/n, b+l/n)- fi{a + l/2n, b + l/2n). 

We use the following facts to compute this product among the divisors in 
the sum: 

• the product of three distinct element will be 0; 

• the product of square of one divisor with another divisor is —1, if they 
intersect, and otherwise; 
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• the cube of any element is 2. 

Then we have 

3 

]^(ai-Da,6 + biDa+l/n,b + CiDa,b+l/n + <^i-Da+l/n,6+l/n) 
i=l 

=2(010203 + + C1C2C3 + did2ds) 

— (01O2 + did2){b3 + C3) - (6162 + ciC2)(o3 + ds) + permutations 

Write Taylor expansions for ai,bi,Ci,di at a' — a + l/2n, h' = b + l/2n: 

7i = ^(/-(«'' ^'0 - ^(«'' ^'O), - ^(A/^(a', 6') - 2/,,,(o', b')) 
Then 

Oi = -ai + P^ + 0{l/n^), 

bi = % + Si + 0{l/n^), 
Ci = -7i + 5i + 0(1/^3), 

di^ai + pi + 0{l/n^). 

It is clear that the product is an even function in ai and 7j. It follows that 
their appearance in the product have the even total degree. Also we have 
neglected term 0{l/n^). Thus we can write 

3 

]^(«i-Da,6 + biDa+l/n,b + Q-^a.b+l/n + diDa+l/n,b+l/n) 
i=l 

=4(q;iq;2/93 + 7172(^3) - 4q;iQ;2(53 - ^1112^3 + permutations 
=4(q;iq;2 — 7172) (/93 — ^3) + permutations 

By a direct computation, we see that 

aia2 - 7i72 = ^Uix{a' , b')hy{a\ b') + fiy{a\ b')f2x{a\ b')) 

1 

f^z - h = -^fixyia', b'). 
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It follows that 

3 



]^(ai-Da,6 + biDa+l/n,b + CiDa,b+l/n + diDa+l/n,b+l/n) 



i=l 
1 



b')f2y{a', b')fi^y{a\ b') + permutations + 



n 

Put everything together to obtain 

n-l 



{Fin-F2n-F2n) = \ ^{fix{a', b')f2y{a', b')fi^y{a\ 6')+permutations)+0(l/n) 



a.b 



This is of course convergent to 

/ / {hxf2yhxy + permutations)(ia;dy. 
Jo Jo 

Adding all integrals over squares we obtain the identity in Lemma. □ 

3.4 Intersection of functions in diagonals 

Now we want to treat case where /j has some singularity. We assume that 
all singularity lies on edges of some n-triangulation. 

As the additive property stated in the last subsection, we need only con- 
sider the diagonal in a square. More precisely, we consider functions /j on 
the square [0, 1]^ with following properties: 

• fi is continuous and smooth in two triangles divided by diagonal y — x; 

• the first and second derivatives of fi are bounded on two triangles; 

• the restriction of the function on the diagonal is smooth. 
Let us write 

i fix fix fiy f iy' 

where we use super script ± to denote the limits of derivatives in upper and 
down triangles on the diagonals. The second identity follows from the fact 
that the restriction of / on the diagonal is smooth. 
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Proposition 3.4.1. If fi has only singularity on some union V of diagonals 
in n-triangulation, the singular contribution is given by 

—SfiSfiSfs + fixf2ySf3 + permutations^ dx. 

Proof. The total contribution in the diagonal is given by 

n'^iFln ■ ■ -Fan)© 

n-1 3 

a+ljn,a ,a+l/n 

a,0 i=l 

+ fi{a + l/n,a + l/n)D 

a+l/n,a+l/n 

+ fi{a + l/2n, a + l/2n)Da+l/2n,a+l/2n)a,a- 

Again we may replace the last product by 

3 

J^lc^i-Da.a + biDa+l/n,a + CiDa,a+l/n + C^i-C^a+l/n,a+l/n) 

i=l 

=2(010203 + bihh + C1C2C3 + did2d'i) 

— (01O2 + did2){bs + C3) - (6162 + CiC2)(o3 + da) + permutations 

with 

Oi = /i(o, o) - fi{a + l/2n, a + l/2n), 
bi ^fi{a + 1/n, b) -fi{a + l/2n, a + l/2n), 
Ci = a + 1/n) - fi{a + l/2n, a + l/2n), 
c^i = + 1/n, a + 1/n) - /^(a + l/2n, a + l/2n). 
We have Taylor expansions for Oj, 6^, q, at (o', a') with a' = a + l/2n: 

«i = -^(/^ + i;^)K«') + 0(l/n^), 

h = ^{f-- f-y){a',a')-rO{l/n% 
Q = ^(-/^ + /i)K,«')+0(l/n2), 

+ + 
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Write ^ ^ 

fix — Q^ifix "I" fix)^ fiy ~ 2^fiy fiy)^ 

then, 

fix ~ fix ^ 2'^'^*' "^^^ ~ "^^^ ~^ 2"^*^'' 

Then we have the following expressions: 

ai^-^{fi, + fiy){a') + 0{l/n'), 

hi = ^{fix - fiy - 5fi)(a') + 0{l/n'), 

Ci = ^i-fix + fiy - 5fi)W) + 0(1/712), 

di^ ^{fix + fiy){a') + 0{l/n^). 

As Oj + = 0(1/^2), it follows that 

3 

]^(fli-Da,a + biDa+i/n,a + Q-Da,a+l/n + diDa+l/n,a+l/n) 

i=l 

=2(6162^3 + C1C2C3) — 2aia2(^3 + C3) + permutations + 0(l/n^) 

—1 1 

5(^/1(^/2(^/3(0') + -^fixf2ySf3{a') + permutation + 0(l/n^) 



2n^ ' 
The total diagonal intersection is 

1 """^ -1 

=- ^{^SfiSf2Sf3{a') + fixf2ySf3{a') + permutation) + 0(l/n). 

^ a=0 ^ 



Taking limits of sum over all , we get singular contribution: 

J {-^SfiSf2Sfs + fixf2ySf3 + permutations) dx. 

□ 

In the following we want to apply integration by parts to the smooth 
formulae in Proposition 3.3.1 and 3.4.1: 
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Theorem 3.4.2. Assume that each fi^ (resp. fiy) is continuous as a function 
of y (resp. x) except at some diagonals. Then the intersection is given by 



(/i, /2, /a) = / (A,(/i)(/2,/3,) + A,(/2)(/3,/i,) + A,(/3)(/i,/2,)) dxdy 
+ 7 / S{f,)6{f2)6{f,)dx. 



Proof. Let us first group the smooth contribution as product of derivatives 
of x: 

ifl, /2, /3)smooth = / [flx{f2yf3y)x + f2x{fzyfly)x + fzx{flyf2y)x]dxdy. 

jR{Xf 

Now we apply integration by parts to obtain 

(/l, /2, /3)smooth = / A'Ji{f2yf3y)dxdy+ / {ftxftyfty-Kxf2yf3y)dy+- ■ ■ 

Jr{x)'2 Jv 

Here V is some union of diagonals in an n-triangulation, and the coordinates 
in each square are chosen such that V is given by x — y, A'^fi is the restriction 

of Axfi on the complement of T>, and f^ and /~ are restrictions of /j in 
the upper and lower triangles respectively. Define the derivatives of fi at 
the diagonal as the average of two directions diagonals. Then we have the 
formulae: ^ ^ 

fix ~ fix i 2^f'^^ fiy ~ f^y 2^f^' 

The integrand in the diagonal on V has the following expression: 

iflx+lsf,)if2y - lsf2)ifsy - ^Sfs) - (/l. - I5f,)if2y+\5f2)if3y+\5f3). 

It is clear that the above expression is odd in 5; thus it has an expression 

S(fl)f2yf3y + ^^(/l)<^(/2)5(/3) - flxf2y5(f3) - flxfM)' 

As the restriction of A^fi on T> is 

(/l, /2, /3)smooth = / A^fi {f2yf3y)dxdy H 

jRixy 

+ {^^m5{f2)m - flxf2yS{f3) -■■■^dy 
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Combined with singular contribution, we have the following expression for 
the total pairing: 



(/l,/2,/3) = / {A.Afl){f2yf3y) + AAf2){hyfly) + A^{f3){flyf2y))dxdy 

V 

□ 
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3.5 Completing proof of main theorem 

In this subsection, we will complete the proof of Main Theorem 1.3.1. By 
Theorem 2.5.1 and Proposition 2.5.3, it remains to compute the quantity in 
2.5.1 in the local setting. More precisely, let X = F be a curve of genus 
> 2 on over a local field K. Let G be the admissible green's function on 
the reduction graph constructed in our inventiones paper [31] . Then we have 
a metrized line bundle 0{/S) with norm || ■ || given by 

-log||lA|| =i{x,y) + G{R{x),R{y)) 

where R : X{K) — > R{.X) is the reduction map. We want to show the 
following 

Proposition 3.5.1. The adelic metrized bundle 0{A) is integrable and 
- log ||1a|| ■ (A^ - 6A ■ p*e + 6ple- pie) 



- -5{X) + - f G{x, x){{lQg + 2)d^^a - 

4 4 Jij(x) 



To see that C(A) is integrable, we let ^ denote a class of degree 1 such 
that {2g — 2)^ = ujx and put an admissible metric on it. Then we have seen 
that the class 

is integrable. On the other hand the adjunction formula gives 

A*^ = -:jx-2^=-2gt 
Thus ^ is integrable and then A is integrable. 
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In the following, let us give precise models of A over Ok which converges 
to A. We consider integral models Z^j^ of x for finite Galois extension 
L of K. The special fiber of Zqj^ over a finite place w over a place v of K 
has components parameterized by some e(u')-division points in the reduction 
complex R{Zyj) where e{w) is the ramification index of w over v. Let Gw 
be the restriction of the Green's function G on these points. Then we get a 
vertical divisor in Z^ with rational coefficients. The divisor A + V^, 
with Green's function at archimedean place defines an arithmetic divisor A^. 

We claim that this divisor is the pull-back of some divisor on some model 
Zq^ over Ok- Indeed, let C be an ample line bundle on Zo^ invariant under 
Gsil{L/K); for example, we may take 

C = -Exceptional divisors) tTio;"' ® 7I2U!"', 

where n is some big positive number. In this way, we may write 

Zo^ = Proj e^>o tt^jC"^ 

where tt is the projection Zq^ — > SpecO;^. It is well known that the algebra 
(®m>o7r*>C"')*^'''(^/-^) of Gal{L/K) invariants is finitely generated and thus 
defines a O^r-scheme: 

Z^^ = Proj(e^>o7r.£-)«^'(W. 
It is well known that the inclusion of rings defines a morphism: 

<I>L/K ■ Zq^ )• Zq^. 

In this way, we get a divisor 

A^ := [L : X]-Vl/x*(Al). 

To get a metrized line bundle on Z^^^ we may take positive integer t such 
that tA has integral coefficients, and then take a norm 

N^,/,(0(tAi)) 

which is an arithmetical model of tA. By our definition the integration of 
— log II 1a II against curvatures of line bundles is the limit of intersection of Vi 
with arithmetic divisors. Thus we may replace — log ||1a|| in the proposition 
by Green's function G on the reduction complex. We will finish the proof of 
the Proposition by computing the triple pairings one by one in the following 
three lemmas. 
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Lemma 3.5.2. 

(G,A,pte) = 0. 

Proof. Using formulae A = A + G and e = e + Gg, we have decomposition 

{G,A,ple) ={G,ple)^ + {G,G,ple) 

HG,ple)^ + {G, G),*e + {G, G,plGe). 

Let us to compute each of these of term: 

{G,P*ie)A = / G{x,x)dfx. 
Jr(x) 



(G,G),*e^- f G(e,y)AyG(e,y)dy 

JR{X) 

= - / G{e,y){5,{y)-d^x{y))^-G{e,e) 
Jr(x) 



{G,G,plGe)^ J A,plGe{Gyfdxdy 

= / {5e{x) - dii{x)){Gy{x,yf)dy 

= / Gy{e,yfdy- / Gy{x,yfdyd[x{x) 
Jr{x) Jr{xY 

= I \Gy{e, y) ■ Gy{e, y)dy - / AyGy{x, y) • Gy{x, y)dydfx{x) 
Jr{x) jR{xy 

=G(e, e) - / - dii{y))Gy{x, y)dydn{x) 

JR(XY 

—G{e,e)— I Gy{x,x)diJi{x). 

Jr{x)'2 

The lemma follows from the above three formulae. □ 
Lemma 3.5.3. 

{G,ple,p;e)^0. 
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Proof. Using the decomposition of cycles, we have the following expression: 

We compute each term as follows: 

{G,p*2e)pie = j G{e,y)dfi{y) = 

{G,plGe)p*^e ^- j G(x,e)A,G(x,e) = -G(e,e) 



{G,plGe,p*2Ge) = J A^Ge{x,e) ■ {Gy{x,y)Gy{e,y))dxdy 

^ J {6e{x) - dix{x) ■ {Gy{x,y)Gy{e,y))dy 

= / Gy{e,y)Gy{e,y)dy - / Gy{x,y)Gy{e,y))dfx{x)dy 
Jr{x) J 

= J AyG{e,y)-G{e,y)dy^G{e,e) 

The lemma follows from the above three computations. □ 
Lemma 3.5.4. Let g be the genus of the curve, then 

(G, A, A) = ^-6{X) + i y G{x, x){Kx - {Wg + 2)d/.). 

Proof. Using the formula, A = A + G, the left hand side can be decomposed 
as follows: 

{G,S)a + {G,G)a+{G,G,G) 
= / -G{x,x)ci{u)- [ G{x,x)AG{x,x) + {G,G,G). 

Jc{X) JC{X) 

The curvature c{uj) is {2g — 2)dii where dji is the admissible metric. To 
compute Laplacian of G{x, x) we use the following formula 

c+Ga{Kx,x) + G{x,x) =0 
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It follows that the curvature of A{G{x, x)) is given by 

-AG(Kx, x) = {2g - 2)d// - Kx- 
Here Kx is the canonical divisor on C{X). Thus we have the formula 

(G,A,A)= / G{x,x){Kx-^g-l)dpi) + {G,G,G). 
Jc{x) 

It remains to compute the triple pairing {G, G, G). Notice that G^ (resp. 
Gy) are continuous in y (resp. x) except on diagonal. By the main formula 
in the last section, we have 

(G, G,G) = ^J {5Gfdx + 3 J A^GGldxdy. 

By definition, 

{AxG)dx = Sy{x) — dfi. 
It follows that S{G) = 1 on the diagonal and thus the first integral is 

\e{R{X)) = \5{X). 
The second integral is given by 

3 / Gl{y,y)dy-3 / Gl{x,y)dfx{x)dy. 

JC(X) JC{Xf 

Recall that Gy{y,y) is defined to be 

y) + G-{y, y)) = y) + (y, y)) = ^^(y, y),. 

It follows that the above integral is given by 
3 



G'^{y,y)ydy -3 / AyG{x,y)G{x,y)diJ,{x)dy 
Jcixy 

AyG{y,y)G{y,y)dy-3 / AyG{x,y)G{x,y)dii{x)dy 

Jc{xY 



J- f G{y,y){{2g-2)di2-Kx)-3 f G{x,y){6M ' d^{y))d^{ 
4 J Jc{xY 

J- I G{y,y){{2g-2)df,-Kx)-3 [ G{x,x)df, 

4 J Jc{X) 

- f G{x,x) f%-3)dpi-^Kx) 
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The lemma follows from the above computations. 



□ 



4 Integrations on metrized graph 

In this section, we reformulate Conjectures 1.4.2 and 1.4.5 in terms of metrized 
graphs. We will verify the conjectures in the elementary graphs where every 
edge is included in at most one circle. We will conclude the section by re- 
ducing the conjecture to the case that the graph is 2-edge connected in the 
sense that the complement of any point is still connected. 

4.1 Some conjectures on metrized graphs 

In this subsection we want to reformulate Conjectures 1.4.2 and 1.4.5 in terms 
of metrized graphs. We will also give some trivial formula which can be used 
to prove Theorem 1.3.5. 

Let r be a connected metrized graph and let g be a function on F with a 
finite support. We define the canonical divisor of {T,q) by 

K := ^iv{x) + 2q{x) - 2)x. 

The genus of the metrized graph is defined to be 

^^l + ldegX = ^g(x)+6(r) 

X 

where 6(r) is the first Betti number of the (topological) graph F without met- 
ric. We say that the pair (F, q) is a polarized metrized graph if the following 
conditions hold 

• g is non-negative; 

• K is effective. 

Notice that the reduction graph R{X) of any semistable curve X of genus g 
over a discrete valuation ring is a polarized metrized graph of genus g. 

Let G{x, y) and be the admissible green's function and metric associate 
to the pair (F, q). We are interested in the following constants: 

99(F) :=-l£(F) + i I G{x,x){{lQg + 2)dii-6K). 
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where £{r) is the total length of F and 

e(F) := J G{x,x)[{2g-2)di^ + SK]. 

When F = R{X) is the reduction graph for a curve, then notation of invari- 
ants here coincides with the invariant defined in the introduction except we 
use e{r) for S{X) there. 

A point p G F is called a smooth point if it is not in the support of K. For 
such a smooth point p, let Fp be the subgraph obtained from F by removing 
p and attached two points pi,P2- More precisely, Fp is a metrized graph 
with a surjective map to F which is injective and isometric over F \ {p} and 
two-to-one over p. The function q defines a function on Fp. We call p of type 

if Fp is connected. In this case Fp has genus g — 1. If p is not of type 0, 
then Fp is a union of two connected graphs of genus i and g — i for some 

1 E {0, g/2]. In this case, we say that p is of type i. For each number i in 
the interval [0, g/2] let F, be the subgraph of F of points of type i. Let 
denote the length of Fj. It is easy to see that there are only finitely many 
i e [0,g/2] with non-zero £i{r). 




Figure 5: Type of smooth points 
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Here is a diagram illustrating the definition of the type of a point for a 
graph with q = 0. In the left figures, p is a smooth point of T. In the top, p 
is of type because Tp is connected. In the bottom, p is of type 1 because 
the minimum genus of the two connected components of Fp is 1. 

Conjecture 4.1.1. There is positive function c{g) of g > 1 such that 

Q 

iG(0,g/2] 

A(r) > ^^£o(r) + y ^^^^£.(r). 

^ iG(0,g/2] ^ 

Formulae for Green's functions and admissible metrics 

We need to have a formula for G{x,x) in terms of resistance r{x,y). Recall 
that we always have a formula like 

(4.1.1) r(x, y) = G{x, x) - 2G{x, y) + G{y, y). 
See formula (3.5.1) in f3T]. Double integrations gives 

(4.1.2) r(r) := [ G{x,x)djj,{x) = - f r{x,y)d^{x)d^{y). 



One integral with dixijj) gives 

(4.1.3) G{x,x) = j r{x,y)dfx{y) J r{x,y)d^{x)dfi{y). 
Bring this to the definition of e(r) to obtain 

(4.1.4) e(r)= / r{x,y)6K{x)dfi{y). 



The constants v^(r) and A(r) can be expressed in terms of i{T), T(r) and 
e(r): 

(4.1.5) ^(r) = 3^?r(r)-l(e(r) + ^(r)) 



66 



(4.1.6) X(T) = -4^ — ^r(r)+ (i(T) + e(T)). 

^ ' ^ ' 2(2^ + 1) ^ ' 8(2^ + 1)^ ^ ' ^ " 

Recall form Lemma 3.7 in [f3I] that d^x has an expression 

(4.1.7) 

We will reduce Conjecture 4.1.1 to the case where V is 2-edge connected. 
In this case, the conjecture is equivalent to the following 

Conjecture 4.1.2. Assume that T is 2-edge connected. Then the following 
two inequalities hold: 

j^{m - Agr{T)) < e{T) < 12gr{T) - (1 + c{gMT), 
here c{g) is a positive number for each g > I. 
4.2 Proof of Theorem 1.3.5 

In this subsection, we give a trivial bound for (p(T) and use it to complete 
the proof of Theorem 1.3.5. 

Lemma 4.2.1. 

Proof. From formulae (4.1.5) and (4.1.2), we obtain 

^(D < SgriT) < MI) 

where we use an inequality r{x,y) < £{r) for any points x,y ^T. Similarly, 
we can get a lower bound: 

m > -^(e(r) + m) > -^i2g - 2 + l)£(r). 

□ 
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Proof of Theorem 1.3.5 



To prove Theorem 1.4.4, we need only to prove that the following difference 
function is bounded, for all closed point t eT: 

^^^^ = dib ^^^^ ~ 2)(A^(F0, A4(F,)) - (2^ + l)(^y/T,^y/T)) ■ 

Replace T by a finite covering, we may assume that the family can be ex- 
tended into an semi-stable family y — > T of integral schemes over Ok- Let 
6r be the boundary divisor induced from the morphism T — > M.g and the 
boundary divisor M.g \ M.g- Then 5r is supported over finitely many closed 
fibers of T — > SpecO^, say over points in a finite subset S of SpecO/j. Now 
by Theorem 1.3.1, the function is given by 

w 

where the sum is over all places of K{t). When w is archimedean over an 
archimedean place v oi K , 0^(1^) is a continuous function on t G T^(C) thus 
it is bounded by a constant depends only on place v. 

If w is archimedean, then by Lemma 4.2.1, ^PwiXt) is bounded by a con- 
stant multiple of the length i(T) of the reduction graph of Yt at w. We notice 
that this length is equal to the number of singular points on Yt over w and 
can be computed by divisor 5r'- 

£(r) = (5r • t)^ 

where the right hand side is the local intersection number of 5r and the 
Zariski closure t of t over w. This number is also bounded by a number 
as 5r is a vertical divisor. In summary we have shown that 



degt 

where Cy are some constant which is zero at all but finitely many places of 
k. Thus this is a finite number. This shows the boundedness of f{t). 

4.3 Additivity of constants 

In this section we want to reduce Conjecture 4.1.1 to the case where F is 
either a line segment or a 2-edge connected in the case that for any smooth 
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point per, the complement Tp is still connected. If Fp is not connected, 
then it is the union of two graphs Fi and r2 and F is a pointed sum of Fi 
and F2. 

Lemma 4.3.1. Any metrized graph F is a successive pointed sum of graphs 
Fi such that each Fj is either 2-edge connected or an edge with all inner points 
smooth. 

Proof. Let F+ be closure of the subgraph of points p such that Fp is not 
connected. Then F_|_ is a finite disjoint union of trees, and the closed comple- 
ment Fq of F+ in F is a finite disjoint union of the maximal 2-edge connected 
subgraphs. The graph F+ can be further decomposed to edges with smooth 
inner points. We let Fj be the components of these 2-edge connected points 
or edges with smooth inner points. □ 

Assume that we have a decomposition of F into a pointed sum of con- 
nected subgraphs Fj as in Lemma 4.3.1. For each i and each A G Fj, let F^ 
be the closure of the connected component of A in complement the Fj \ {A}. 
Then for all but finitely many A, Fa = A. We have a map tTj : F — > Fj 
with fiber F^ over A e F^. Let qi{A) be the genus of the polarized graph 
(rA,?|rJ. 




I 



Figure 6: Quotient graphs 

Here is a figure of a graph F that draws attention to one of its 2-edge 
connected components Fj. The point ^4 e Fj gives rise to the graph F^, 
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which is the fiber over A of the projection map tTj : F — > Fj. The point B 
satisfies n'^B) = {B}. 

Our main result is as follows: 

Theorem 4.3.2. Each pair (Fj, qi) is a polarized metrized graph with the 
same genus g as (F, q) . Moreover all invariants have the additivity: 

e(r) = e{Ti, qi), t{T) = ^ r(Fi, qi). 

i i 

ip{r) = J2^i^i,<li), A(F) = Y,XiTi,qi). 

i i 

Proof. By definition, we need to show that qi is non-negative and Kp. is 
effective. By definition, the genus of F^ with restriction genus function q{x) 
is given by 

?(F^)= J]g(x) + &(F^) 

where &(r^) is the first Betti number of the topological space F^. It is clear 
that qiXA) > 0. We need to compute the degree of the canonical divisor Ki 
of (Fj,gj). Notice that the canonical divisor Ka of (F^,g|r^) and X on a 
point X eFa. have the same multiplicities respectively: 

2q{x) -2 + VrA{x), 2q{x) - 2 + v{x). 

These two numbers are equal except at x — A where the difference is I'r^ (A) . 
It follows that 

ordAKi = 2q{A) -2 + vr^^) = ^ ord^K. 

xeTA 

This implies that Ki is effective and thus (Fj, qi) is polarized. Take sum over 
A to obtain that 

2^(F,,g,)-2 = 2^(F)-2. 

It follows that g{ri) = ^(F). 

For four identities, by (4.1.5) and (4.1.6), it suffices to prove the first two. 
For any two points x, y G F, the resistance r{x, y) can be computed using F^: 

r{x,y) = Yr{7ri{x),7ri{y)) 

i 
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where right side is the resistance on Fj which is the same as the resistance 
on r. We have a decomposition 

(4.3.1) r(r) = ^r,(r), 6(1) = e,(r), 

i 

where ^ 

'^i(r) = o / r{TTi{x),7Ti{y))dii{x)diJ,{y), 



2 _ 

ei(r) = j r{ni{x),7ii{y))6K{x)dn{y). 
We may compute these last two integrations over fibers of tt^ : F — > Fj: 



^i(r) = ^ / r{x,y)di^i{x)di^i{y), 
'r? 



2 



j(r) = J r{x,y)SK,i{x)dfXi{y), 



where dni^x) is the sum of smooth part of dii{x) supported on Fj plus the 
Dirac measure A in F, with mass 



/ diJi{x) — 



Similarly, SK,i{x) is the Dirac measure with mass 

6k = 2qi (A) -2 + vr, {x) = deg^ K^. 

It follows that 

TiiV) = r(Fi, Qi), €i{r) = e(Fi, g^). 
The formulae (4.3.1) thus finishes the proof. □ 



4.4 Reduction and elementary graphs 

In this section, we want to reduce Conjecture 4.1.1 to the case where G is 
2-edge connected. Then we prove the conjecture for elementary graphs. 
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Proposition 4.4.1. Let Di, ■ ■ ■ he the set of maximal 2-edge connected 
subgraphs ofTi. Then 

iG(0,g/2] ^ D 
ie(0,ff/2] ^ D 

Proof. By Lemma 4.3.1 and Theorem 4.3.2, we need only prove the Propo- 
sition when r is an edge with smooth inner points. Let i and g — i he values 
of genus function at two ends a and b. Then 

K^{2i- l)a + {2g - 2i - l)b, dfx = ^{iSa + {g - 1)6,). 

As r{x, y) is the distance between x and y, it follows that 

r(r) = ly r{x,y)di,{x)di,{y) = ^^^£(r). 

e(r) = y r{x,y)5K{x)dfx{y) = (^4^^^ - £(r). 

The formulae in the Proposition follows from (4.1.5) and (4.1.6). □ 

Corollary 4.4.2. Conjecture 4.. 1.1 in general case follows from the case 
where V is 2-edge connected. 

A graph is called elementary if every edge is included in at most one 
circle. In the following, we give some explicit formulae for <^(r) and A(r) for 
elementary graphs and then deduce Conjecture 4.1.1. For each circle C in F, 
let Vc be the set of points on C such that q{x) > 0, and write C° = C \ Vc- 
Then F \ C° is a union of subgraphs F^ for A E Vc- Let gA denote the genus 
of F^ for the restriction of genus function gA, and let rc{A, B) denote the 
resistance between two points A and B on the circle C. We want to prove 
Conjecture 4.2.1 for elementary graph: 

Proposition 4.4.3. 

^ ie{0,g/2] ^ ceC A,BeVc ^ 
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^ ' 80 + 4 ' ^ 80 + 4 ^ 4o + 2 ' ^ 

Proof. By Proposition 4.4.1, it suffices to prove Proposition for case wliere 
r is a circle. Let us compute tfie integrals e(r) and r(r): 

T(r) = r{x,y)dn{x)dn{y), e(r) = J r{x,y)SK{x)dn{y). 

For A,B ^ r the resistance r{A,B) is given by £{A, B)i'{A, B)/i where 
i{A, B) and i?) are the lengths of two segments of in the complement 
of A, 5 in r. The measures in the integrals are given by 

^ A A 

Let r° be the complement of the support of q. Then we have discrete 
contribution when both x and y are not in C°. The contributions in this case 
are given by 



Next we consider the case where x ^ C^, y E C^. We assume that 
X — A. Let us choose coordinate i on C such that t{A) — 0. Then we have 
contributions: 

q{A) f fU{i-t)dt _q{A)^ 



tii - t) ^ q{A) 



^9 

Now let us consider the case x & , y = A. Then we have contribution: 
"2 ire i 9 ~129' 



rl(r) :=- J^^ ^^-^" d^ix) • ^ = 

4(r) / 
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Finally, lets us consider the case where both x and y are in r°. Then we 
have contribution: 



Iff \t(x) - t(y)\(i - \t(x) - t(y)\) , , , , 



29' Jo Jo ^ 12^'' 

Thus a total contribution from a circle is 

r(r) = J2 ^A,B(r) + 5](rA(r) + rl(r)) + r°(r) 



A,B 



<r) = J] 6^,B(r) + J2i'\{r) + el{T)) + 6°(r) 



A,B 



= E2^^-KAB) + i-(E«(-4)K. 

It is easy to verify that ^(^l) + Thus we have formulae 

By formulae (4.1.5) and (4.1.6), we obtain the formulae in proposition. 



□ 
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5 Triple product L-series and Tautological cy- 
cles 



In this section, we define a subgroup containing the Gross-Schoen cycle of 
homologous to zero cycles of codimension 2 on the triple product of a 
curve X. The Beilinson-Bloch conjecture relates the rank of this group and 
the order of vanishing of L-series at s = associated to the motive M defined 
as the kernel 

A^H\X) (2) H\X){1). 

We will list some formulae for L-series and root numbers in the semistable 
case. At the end of this section, we want to rewrite heights of in terms 
of Kiinnemann's height pairing of tautological cycles Xi and jF(Xi) in the 
Beauville-Fourier-Mukai theory. In particular, we can show that the non- 
vanishing of height of will implies the non-vanishing of the Ceresa cycle 
X — [— 1]*X in the Jacobian. 

5.1 Beilinson— Bloch's conjectures 

In this subsection, we define some groups of cycles homologous to of codi- 
mension 2 on a product of three curves and state the Beilinson-Bloch's con- 
jectures for corresponding motives. 

Let Xi {i = 1,2,3) be three curves over a number field with three fixed 
points Cj. We consider the triple product Y = Xi x X2 x X^, the group 
Ch^(y) of cycles of dimension 1 on the Y, and the class map 

Ch\Y) — > H\Y). 

The kernel of this map is called the group of cycles homologous to and 
is denoted by Ch^(y)°. We have the following Beilinson-Bloch's conjecture 

Conjecture 5.1.1 (Beilinson-Bloch). The rank of Gli'iYY is finite and is 
equal to the order of vanishing of L{H^(Y),2) . 

By Kiinneth formula, we have a decomposition: 

(5.1.1) H^(Y) = H\Xi) ® H\X2) ® H\X3) © (BiH\Xi){~l f^ . 

Thus, the right hand side is the product of L-series corresponding to the 
decomposition. We would like to decompose the group Ch^(F)° into a sum 
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of subgroups and formulate a conjecture for these subgroups. For this, we 
need only find correspondence decomposition of the identity correspondence 
which gives decomposition. In the following we want to describe the group 
Ch^(y)'^ in terms of projections and embeddings. 

Lemma 5.1.2. Let Ch^(y)o be the subgroup of elements with trivial projec- 
tion onto Xi X Xj and Ch^(Xj)° be the group of zero cycles on Xi of degree 
0. Then 

ch\Yf = ch'(y)o e ®i{ch\Xi)Y^. 

Moreover, this decomposition is compatible with Kiinneth decomposition in 
the sense that they are given by same correspondences on Y. 

Proof. Let i,j,k be a reordering of 1,2,3. For any factor Xk, we have an 
injection l^. : Xk — > Y by putting e^, ej for other factors; similarly we have an 
embedding tjj : X^ x Xj — > Y be the inclusion by putting component on 
Xk- Then we have an inclusion Ch°(Xfc) — ^ Ch^(y) and Ch\Xi x Xj) — > 
Ch^(y) by push-push forward. Let nk and nij denote the projections to X^ 
and Xij. 

For any cycle Z on Y, let Zij and denote push forwards of Z onto Xj x 
Xj and Xk by tTjj and tt^ respectively. We define the following combinations: 

Z° = Z - ^ Zij + ^ Zk, 

i,j k 

Then we have a decomposition 

(5.1.2) Z^Z' + J2zl, + Y.Zk. 

i,j k 

It can be proved that Z^ has the trivial projection to Xi x Xj, and Zi^j has 
trivial projection on Xi and Xj. These imply that Z^ is cohomologically 
trivial, and Z^j and Zk have cohomological classes in the following groups 
respectively: 

H\Xi) ® H\Xj) ® H\Xk), H^{Xi) ® H^{Xj) ® H\Xk). 

Assume now that Z is homologically trivial. Then Zk = and the class 
Zij are cohomologically trivial with decomposition 

Zij = AxXj X {cfc} + XiX B X {ck} 

where A and B are divisors on Xi and Xj with degree respectively. □ 
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The group Ch is nothing other than the Mordell-Weil group of 

Jac(Xj). The Birch and Swinnerton-Dyer conjecture gives 

OTds=iL{H\X,), s) = rankCh^(Xi)°. 

Thus conjecture 5.1.1 is equivalent to the following: 

Conjecture 5.1.3. The rank o/Ch^(y)o is finite and is equal to 

ords=2L{H\Xi) ® H\X2) ® H\Xs),s). 

In the following we try to discuss the conjecture in the spacial case Xi — 
^2 = = X, where X is a general curve of genus g > 2. In this case, 
we have more correspondences to decompose the motive H^{X)^^. We will 
decide a submotive whose Chow group containing the modified diagonal. 

First of all, we notice that the modified diagonal is invariant under the 
symmetric group S^. Thus it corresponds to the component of H^(X)'^^ 
under the action of S3. Notice that the action of S3 on this group is given by 
the following: for q;,/9, 7 G H^{X) then it defines an element a{x) /\j3{y) /\{z) 
in H^{X)'^^. The group S3 acts by the permutations of x,y,z. Thus the 
invariant under ^'3 is exactly the subspace A^H^{X) of if^(X)®^. Thus the 
Beihnson-Bloch conjecture gives 

ord,=o^(s, A^H\X){2)) = dimCh2(r)^^ 

Here Ch2(y)o' is the group of cohomologically trivial cycles with trivial pro- 
jection under vTj ^ and invariant under permutation. Both sides are nontrivial 
only if g > 2. 

Using the alternative paring on H^{X), we can define a surjective mor- 
phism 

A^H\X){2) — > H\X){1), aAbAc^a{bUc) + b{cUa) + c{aUb). 
This morphism is defined by a correspondence on X^ as follows: 

{X') X {X) : {x, y) ^ (x, x, y) x {y). 
Thus the kernel M is a motive fitted in a sphtting: 

A^H\X){2) = M © H^{X){1). 
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The corresponding decomposition is given by 

Ch\Y)^' = Ch(M) © Pic\X){K) 

where Ch(M) is a subgroup of Ch^(F^)° consists of elements z satisfying the 
following conditions: 

1. 2; is symmetric with respect to permutations on X^; 

2. the pushforward pi2*z — with respect to the projection 

P12 : — {x,y,z) ^ {x,y). 

3. let i : X"^ — > X^ be the embedding defined by (x, y) — (x, x, y) and 
P2 : X"^ — > X be the second projection. Then 

P2*'i*z = 0. 

For any 77 e Jac(X)(i^), the corresponding element in Ch^(F)o^ is given 

by 

where r]k G -'^fc is corresponding to 77. 

The Beilinson-Bloch conjecture gives the following 

Conjecture 5.1.4. The group Ch(M) has finite rank and 

ords=oL{s,M) = dimCh(M). 

Let us check if the modified diagonal is in the above group: 

Lemma 5.1.5. 

e Ch(M). 
Proof. Indeed, it is easy to show that 

i*A^ = (2 - 2g{X))U - (2 - 2^)^ x^-2^a + 2^x^. 
It is clear that 

P2*^* = (2 - 2g)^ - (2 - 2*7)^ - 2^ + 2^ = 0. 

□ 
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5.2 L-series and root numbers 

In this section we want to compute L-series and the epsilon factor for L{s, M) 
when the curve has semi-stable reduction. Our reference for definitions is 
Dehgne [13]. For convenience, we will work on homology motive Hi{X) = 
H^{X){1). Recall that M is the kernel of a canonical surjective morphism 
motives: 

A'H,{X){-l)^Hi{X), 

It follows that the motive M is of weight —1 with a non-degenerate alternative 
pairing 

M® M — > Q(l). 

It is conjectured that the L-series L(s, M) should be entire and satisfies a 
functional equation 

L{s,M) = ±fiM)-'L{s,M) 

where f{M) > 1 is the conductor of M (an integer divisible only by finite 
places ramify in M). 

Local L-functors 

By definition, the L-series is defined by an Euler product: 

L{s,M) = Y[L,{s,M) 

V 

where v runs through the set of places of K, and Lt,(s, M) is a local L-factor 
of M at V. For v an archimedean place, the local L-factor is determined by 
the Hodge weights. Notice that we have a decomposition 

Hi{X, C) = H-^'%X, C) © iL°'-i(X, C) 

of Hodge structure into two spaces of dimension g, and that C(— 1) has Hodge 
weight (1, 1). As M is the kernel of a surjective morphism of Hodge structure 

A'H,{XX){-l)^Hi{XX), 
it follows that M has Hodge numbers given by 

i,_2 _ , -2,1 _ ^(^- l)(^-2) _i _ _ ^(^- 2)(^ + 1) 
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The L-factor then is given by 

(5.2.1) L,{s, M) = Tc{s + 2f-"-'Tc{s + Tc - 2 • (27r)-T(5). 

For V a finite place with inertia group residue field F^^, and geometric 
Frobenius F^, the L-series is given by 

(5.2.2) L,(s, M) = det(l - q-'F,- M^^)-^ 

where Mi is the £-adic realization of M at a prime i \ Qv For v unramified, 
the L-series can be computed simply by Weil numbers. For v a ramified 
place, then Jac(X) has a semi-abelian reduction: the connected component 
J of the Neron model of Jac(X) is an extension of an abelian variety A by a 
torus 

— >T — > J — > A — ^0. 

Here A is the product of Jacobians of the irreducible components in the 
semistable reduction of X and T is a torus determined by homology group 
in the reduction graph of X. We have a filtration of V := Hi{Xj^, Qi): 

H,(f,Qe) C Hi(J,Qe) c H,{X,Qe). 

This filtration is compatible with action of the decomposition group Dy. By 
Serre-Tate, we have an identity: 

H,{J,Q^) = H^{X,Q^y^, 

and ifi(T', Q^) is the orthogonal complement of ifi(J, Q^) with respect to 
the Weil pairing on Hi[X, Qg). In particular, the action of on these space 
are semiample with eigenvalues of absolute value g^/^, and 1. Thus F^ 
on Hi{X,Q£) is semi-simple. 

By Grothendieck, the action of 1^ on Hi{X, Qe) is given by 

ax^x + U{a)Nx, xeHi{X,Qe), N eEnd{Hi{X,Qe)), 

where ti : /„ — > Qi is a nonzero homomorphism. We may decompose V :— 
H^{X, Q^) into an orthogonal sum of two dimensional spaces Vi {i — 1, ■ ■ • g) 
invariant under Dy. The A^Hi{X,Q() is then a direct sum of tensors 

A^H,{X, Qe) = ®m+n2-=3 A"^ V, ® A''W2 ® ■ ■ ■ . 
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The invariants of /„ must have decomposition: 

A^Fi(X, Q,)^" = ©„o+„,+„,...=3(A""\/o)'" ® {^'''V^y^ • • • . 
Thus M(l) has the following orthogonal decomposition of i5^,-modules: 

(5.2.3) M(l) = J] ® y. ® 14 + (g, (^(aV,))° 

i<j<k i j^i 

where superscript means kernel in the Weil pairing. The space M^" has a 
decomposition 

(5.2.4) (1) = ^Z" ® '^7" ® '^Z" + Yl ® E 

i<j<k i jj^i 

In this way, we have a precise description of the Galois action on M and 
therefore a formula for L-factor. 

Local root numbers 

In the following we want to compute the root numbers of the functional 
equation. Recall that the root number e is the product of local root numbers 

Lemma 5.2.1. For v complex we have 



•6^-2.1+2/^-1.0 _ J 1^ 9 = 0,1 (mod 4) 
-1, g = 2,3 (mod 4) 



For V a real place 



, _ •4ft-2.i+2/»-i.o _ J 1: 9^1 (mod 4) 
1—1, (? = 1 (mod 4). 

Lemma 5.2.2. Let v he a non-archimedean place. Let r — ±1 be the product 
of ai. Then the root number is given by 

._(^_iy{e-l){e-2)/6^{e-l){e-2)/2^_^y(g-2)^(g-2) 
^(_l)e(e-l)(e-2)/6+se^(e-l)(e-2)/2+3 

Here e is the rank of the first homology group of the reduction graph of X at v, 
and T is the determinant of F^ acts on the character group of (e- dimensional 
) toric part of the reduction of Jac{X). 
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Proof. If V is finite unramified place, then = 1. It remains to compute the 
root number at a ramified finite place. It is given by 



det(-F^|Mj 
det(-F, 



Now we want to compute e„ using decompositions (5.2.3) and (5.2.4). 
Notice that on each V^, — F„ has determinant —q~^, and on V/'' , it has eigen- 
values for i < e. We assume that Vi ^ Vl" exactly for the first e V^'s. 
Let have eigenvalues on V^/V^^" which has absolute value 1. The con- 
tribution to root number from each term is given as follows: 



Iv 



Vi ® ® Vk : 



1 
1 

2 2 



a. 



-a, 



i < j < k < e, 
i < j < e < k, 
i < e < j < k, 
i < e. 



□ 



5.3 Tautological classes in Jacobians 

In this subsection, we would like to study tautological algebraic cycles in the 
Jacobian defined by Ceresa p] and Beauville We will use Fourier-Mukai 
transform of Beauville ( [2[ [3] ) and height pairing of Kiinnemann ( [22] ) . 

Let A be an abelian variety of dimension g > 3 over a global field k 
with a fixed symmetric and ample line bundle C. Let L be the operator on 
motive h{A) induced by intersecting with Ci(£) which thus induces operator 
on Chow group and cohomology group. For each integer p in the interval 
[0, {g + l)/2], it is conjectured that the map 

j^g+i-2p . ch*'(^)0 — , Ch»+i-P(A)° 

is an isomorphism of two vector spaces of finite dimensional. Let Ch^{A)Q 
denote the kernel of L^+^~^p which is called the group of primitive class of 
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degree p. By the same way, we can define the primitive cohomology classes 
^2p-ij-^^oo ^jjgjj ^j^g Beihnson-Bloch conjecture says that 

rankChP(A)°o = ords=oL{H^P-\Af%p),s). 

Moreover, Kiinnemann has constructed a height pairing on Ch*(X)Q: 

(•,•): Ch^(X)° ® Ch^-^+^(X)° ^ R. 

The index conjecture of Gillet-Soule says 

i-lY{x, L<^+^-^Px) > 0, Oy^xe Ch^'(X)™. 

Using Mukai-Fourier transform, we may decompose the group Ch'"(A) 
into a direct sum of eigen spaces under multiphcations: 

s 

where s are integers and Gh^{A) is the subgroup of cycles x e Ch^lA) with 
the property 

[k]*x = ^P-'x, VA; e Z, 

where [k] is the multiplication on A by k. It has been conjectured that 
Ch^(A) = if s 7^ 0, 1. By the projection formula 

{k*x, y) = (x, k^y) 

we see that Ch^g{A)^ are perpendicular to C\\'l{AY unless 

p + q = g + l, s + t = 2. 

Let X be a curve over a global field k with Jacobian J. For an integer 
n G [0, g], we can define morphism /„ : X" — > J by sending {xi, ■ ■ ■ , a;„) 
to the class of '^{xi — Notice that the image does not depend on the 
choice of ^. We view X as a subvariety of J via embedding /i and define the 
theta divisor 9 as the image of fg-i- We use 9 for the primitive decomposition 
and Fourier-Mukai transform: 

JF:Ch*(J)Q^Ch*(J)Q 

X 1-^ J^{x) := P2*{pIx ■ e^) 
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where A is the Poincare class: 

x = pie+p;e-m*e. 

The decomposition into s-space can be made exphcit as follows: Define a 
decomposition ^ = ^ by 

Then we have decomposition x = with 

X, = e Ch^(J)Q, 

where is the inverse of which has an expression: 

JF-i = (_l)ff[_l]*ojr. 

Following Beauville, we define the ring TZ of tautological cycles of Ch*( J) 
as the smallest Q-vector generated by X under the following operations: 
the intersection, the star operator, and the Fourier-Mukai transform. By 
Beauville, in the decomposition TZ = (BsTZs, TZs = if s < and TZq is 
generated by 9. Thus TZq maps inject ively into cohomology group. Thus 
cohomological trivial cycles have components s > 0. The height intersection 
on these cycles factors through the first component: 

{x,y) = {xi,yi). 

The key to prove Theorem 1.5.5 is the following pull-back formula: 
Theorem 5.3.1. Consider the morphism /s : — > J. Then 

i ij 

where 5^ is the class 
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Proof. By discussion above, 

^(^) = P2. {pIX ■ e^) . 

Consider the morphism 

g : — > J X J, {xi) {xo - + ^2 + X3 - 3^ 
Then it is easy to see that 

/* J^(X) = pu3*9*e^ = P123* exp g*X. 
Let us compute the class g*X: 

g*x^P*oe+pi,j*e-f:e. 

We want to use the theorem of cube to decompose this bundle into a sum of 
pull-backs of bundles of a face of X^. More conveniently, we may consider 
this bundle as pull-back of bundle on of the following bundle: 

where for a subset / of {0, 1, 2, 3, 4}, mi is the sum of elements in I. By the 
theorem of cube, this bundle has an expression 

ij i 

where Cij are hne bundles on with trivial restriction on {0} x J and J x {0} 
and M-i are hne bundles on J. Now lets us restrict the bundle on ij-factors 
with on other factors to obtain: 

Coi^X, Cij^O, Vi,j>0. 

Similarly, restrict on a single factor to get Aii = 0. In summary, we have 
shown that 

3 

i=0 

where foi is the projection — > A^. To compute the bundle /ojA we 
consider the embedding — A^. It is easy to see that the restriction of 
A is given by S^. It follows that 

/A = ^ptA. 

i 
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Thus we have 

ijk ^ 

The identity in Theorem follows from a direct computation. □ 
Proof of Theorem 1.5.5 

The first formula follows from Theorem 5.3.1. The second follows form the 
identity 

/3*A^ = [3]*X - 3[2],X + 3X, X^Y. ^- 

For the third formula, we notice the star operator and intersection operator 
respect to the s-graduation. Push the first formula in the Theorem to J to 
obtain: 

X*3 . jr(Xi) = [3],X - 3[2],X + 3X 
Decompose this into s-components to obtain: 

r{X^) ■ Xi*Xj*Xk^ (3^+^ - 3 • 2^+^ + 3) X,. 

i+j+k=s—l 

This proves the identity in the third formula. The list of equivalence is clear 
by three identities and the following expression for Ceresa cycle: 

X-[-llX^2j2Xs- 

sodd 

Proof of Theorem 1.5.6 

By Theorem 1.5.5, f^T{Xi) = A^. The first inequality follows from the 
projection formula: 

(A^,A^)^3 = (^(X0,(/3*A^)i)x3- 
Now we use the identity 

/3*A^ = [3lX - 3[2],X + 3X = 6Xi + • • • . 
For the second inequality, we use another projection formula 

(A^,A^)X3 =(/3*.F(Xi),/3*^(Xi))x3 = (^(Xi),/3j3*^(Xi))j 

= (^(Xi),X*=^-^(Xi)). 
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As the intersection pairing depends only on the s = 1 component, we may 
replace X*^ by 

Here for a subvariety Y of X, Y*'^ denote d-ih star product power of Y . This 
proves the identity in the Theorem. To show that ^(-'^i) is primitive, we use 
the following identity: 

L . L^-'T{x,) = {e ■ x*'j^{x,))^ = ^^^/3* (m ■ Ae) . 

Thus it suffices to prove 
By Theorem 5.3.1, 

It is easy to show all of these terms have zero intersection with A^. 
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